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A reachability game
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Motivation

A reachability game

accepting states
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Player-1 states Player-2 states
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Motivation

A reachability game

a Player-1 strategy
a Player-2 strategy
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Motivation

A minimum reachability game
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Motivation

A minimum reachability game

a Player-1 strategy
a Player-2 strategy

value of game:
@ minimum over all Player-1 strategies
o of maximum over all Player-2 strategies
o of weight of induced path (or co if not accepting)
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Motivation

A maximum reachability game
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Motivation

A maximum reachability game

a Player-1 strategy
a Player-2 strategy

value of game:
@ maximum over all Player-1 strategies
o of minimum over all Player-2 strategies
o of weight of induced path (or —oo if not accepting)
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Weighted reachability games

Games, strategies and outcomes

o let K be a set (for now)

@ a game structure: (S1,5,s%, T, F)
o S; Player-1 states, S, Player-2 states (disjoint)
o s9€ S= 5,15, initial, F C S accepting
o T CS x K xS transitions

@ non-blocking: Vs € S : 3(s,x,s') e T

(]

a finite Player-i path: s9 =% ... = sp € S;
o s.t. s° i>52,...,s,7_1 X"—_1>sn eT

o a Player-i strategy: 0 : fPa; = T

ost.Vr=s"— .. —s,€fPa;:0(r) = (sp,,") is an
extension of w

(4]

a pair of strategies (01, 62) € ©1 X ©3 induces a unique
infinite path: its outcome (01, 6>)
o start in s® and use A; and 65 to extend indefinitely
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Weighted reachability games

The reachability game

@ the reachability objective:
R = {infinite paths 1 =s® = 5o — --- | In:s, € F}
o Player 1 wins the reachability game if

391 € @1 :V@z S @2:71'(91,92) eER
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Weighted reachability games

The weighted reachability game

o let K= (K, <,-,1) be a unital quantale

o (K, <) a complete lattice
o (K,-,1) a monoid

o x(VY)z=\(xYz) and x(\Y)z = \(xYz)
forall x,ze K, Y C K.

o the reachability weight of an infinite path m = s; My gy B2y
= \/{X1~'-Xn_1 | Sp € F}

o the \/ of the weights of all finite accepting prefixes of 7

o the value of the game:

\/ /\ wr(m(61,62))

01€01 60,0,
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The backwards algorithm

Controllable predecessors for the reachability game

o controllable predecessors of F:
Uo:{Sl €5 | ds; —> - —>Sp:8,...,5—1 651,5,76 F}
@ uncontrollable predecessors of Up:
V1:{51 €S |V51 —> -+ —>S3:8,...,51—1 €S —s,¢ Uo}
o controllable predecessors of Vi:
Ui={s1€S5|3s1— - —sp:s1,...,5-1 € S1,5, € V1}

@ etc.

Player 1 wins the reachability game iff s° € >0 Un

Uli Fahrenberg, s Weighted Games



The backwards algorithm

Controllable predecessors for weighted reachability
o let Uy : S1 — K defined by

Uo 51)—\/{X1 “Xn—1 |

5 Ly . —>s,,,sl,...,sn_1€51,sn€F}
o let Vj : S» — K defined by

V1(51) = /\ {Xl Xn—IUO(Sn) ’

S —> - X—1> SnyS1,-..,51—-1 € 52,5,7 S 51}
o Let U : S1 — K defined by

U(s1) = \/ {x1 - 3 1V1 (sn) |

S1 —> —)S,,,Sl, .oy Sp—1 651,5,1652}.

_ 0
VR = VnZO Un(s")




You know nothing U.F.

What do | know about weighted games?

o
o
(]
o
[*]

integer- or real-weighted reachability games
mean-payoff games

discounted games

energy games

timed games, real-weighted timed games

(]

Nash equilibria

(]

secure equilibria

@ subgame perfect equilibria

@ no attempt at general theory so far?
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You know nothing U.F.

You know nothing U.F.

integer- or real-weighted reachability games
mean-payoff games
discounted games

energy games

®© 6 6 o o

timed games, real-weighted timed games

(]

Nash equilibria

(]

secure equilibria

@ subgame perfect equilibria

@ no attempt at general theory so far?

o Winter is coming!
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