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Higher-dimensional automata

a in parallel with b:

a

a

b b a.b + b.a

a

a

b bab a and b are independent
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Higher-dimensional automata & concurrency

HDA as a model for concurrency:

points: states

edges: transitions

squares, cubes etc.: independency relations (concurrently executing
events)

two-dimensional automata ∼= asynchronous transition systems
[Bednarczyk]

[van Glabbeek 2006, TCS]: Up to history-preserving bisimilarity, HDA
“generalize the main models of concurrency proposed in the literature”
(notably, event structures and Petri nets)
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Another example

a

c

d

b

no cubes, all faces except middle horizontal

a and b independent; c introduces conflict; d releases conflict
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Languages of HDAs

Automata have languages

HDA don’t (hitherto)

(focus has been on operational and topological aspects)
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Languages of HDAs

a

b

c

L1 = {abc, acb, bac, bca, cab, cba}

a

b

c

a

b

c

L3 =

{(
a
b
c

)
, . . .

}
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Languages of HDAs

sets of pomsets

a

b

c

L1 = {abc, acb, bac, bca, cab, cba}

a

b

c

L2 =
{(

a
b // c

)
,
(
a
c // b

)
,
(
b
a // c

)
,(

b
c // a

)
,
(
c
a // b

)
,
(
c
b // a

)}
∪ L1

a

b

c

L3 =

{(
a
b
c

)}
∪ L2
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N

c d

a

b (
a // b
c //

77

d

)

not series-parallel!
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Are all pomsets generated by HDA?

No, only (labeled) interval orders

Poset (P,≤) is an interval order iff it has an interval representation:

a set I = {[li , ri ]} of real intervals
with order [li , ri ] � [lj , rj ] iff ri ≤ lj
and an order isomorphism (P,≤)↔ (I ,�)

[Fishburn 1970]

c d
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b
a b

c d

(
a // b
c //
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d

)
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Pomsets with interfaces

Definition (Ipomset)

A pomset with interfaces (and event order): (P, <, 99K,S ,T , λ):

finite set P;

two partial orders < (precedence order), 99K (event order)

s.t. < ∪ 99K is a total relation;

S ,T ⊆ P source and target interfaces

s.t. S is <-minimal, T is <-maximal.
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Composition of ipomsets

a b

c d

e

∗
b g

e f

=

a b

c d

e

g

f

| | | |

| | | |

| |

I (a) I (b)

I (c) I (d)

I (e)

∗

| | | |

| | | |

I (b) I (g)

I (e) I (f )

=

| | |

| | | |

|

| | |

| | |

I (a) I (b)

I (c) I (d)

I (e)

I (g)

I (f )

Gluing P ∗ Q: P before Q, except for interfaces (which are
identified)

Parallel composition P ‖ Q: P above Q (disjoint union)

Uli Fahrenberg Languages of Higher-Dimensional Automata 13/ 15



Languages of HDAs

For an HDA X , L(X ) is

a set of interval-order ipomsets
closed under subsumption

For any interval order P, ∃ HDA �P for which L(�P) = {P}↓
and then for any HDA X , P ∈ L(X ) iff ∃f : �P → X

Definition (Rational Languages over Σ)

Generated by ∅, {ε}, and all {[a]}, {[• a]}, {[a •]}, {[• a •]} for
a ∈ Σ

under operations ∪, ∗, ‖ and (Kleene plus) +

Theorem (à la Kleene)

A language is rational iff it is recognized by an HDA.
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