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What is the minimum amount of battery required for the satellite to
always be able to send and receive messages?
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One-slide summary
Goal:

Find infinite schedules
in priced timed automata
which satisfy constraints on total cost

» When should | plan to re-charge my laptop battery if | want
to be sure to be able to watch YouTube videos during all my
travel?

» How should I re-fill my oil tank so that it never runs out of oil
and never runs over?

Results: mixed. . .
For some problems schedules computable in P, for some
uncomputable.

Slogan:
Hybridization of timed automata



Energy Constraints

Energy is not only consumed, but can be regained.

~» “prices” can be negative;
~> the aim is to continuously satisfy cost constraints

~> in this paper, we focus on infinite runs.
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Energy Constraints

Energy is not only consumed, but can be regained.

~» “prices” can be negative;
~> the aim is to continuously satisfy cost constraints

~> in this paper, we focus on infinite runs.

Example

0 1
lower-weak-upper-bound problem
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Energy Automata, Examples

4

/

4
X—=x+3x>1| | x—=>x+2;x>2
3
5 > X—=2x—2:x>1
1
x—=>x+1;x>0| |x—>x—-1x>1
1 2 3 4 5
a simple energy function a simple energy automaton
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Energy Function Semiring

Interest: reachability and Biichi acceptance

@ Given a set F of accept states and xp € R>q: does there exist a run
with initial energy xo which reaches F? does there exist one which
visits F infinitely often?

Operations on energy functions: max and o

i o 8
becomes max(g1 o 1,820 f)
Hh O &

The set £ of energy functions with operations max and o is a semiring,
with 0 = Ax.L, 1 = Ax.x

@ without “f’ > 1" condition, only “near-semiring”

@ idempotent, positively ordered, complete
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Loops for Reachability

Star: f* =sup,>q f”
@ for loops which can be taken an arbitrary number of times

o) x iff(x)<x
°f(x)_{oo if f(x) > x

Theorem: Always, gf “h = sup,~qgf"h
@ i.e. £ is a star-continuous Kleene algebra

Corollary: Let M be the (transposed) transition matrix of an energy
automaton
@ i.e. Mj is the transition label from state s; to state s;.

Compute M* = sup,~q M"
Then s; is reachable from s; with initial energy xp iff /\/ijf-(xo) # 1.
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Loops for Infinite Runs

£ = limp o0 £

Omega:
@ for loops which are taken infinitely often

o F(x) = 1 iff(x)<x orx= 1
T iff(x)>x and x# L

@ important: two-valued; V: energy functions into { L, T}

Theorem: (£,V) is a Conway semiring-semimodule pair

Corollary: Let M be the (transposed) transition matrix of an energy
automaton

@ i.e. Mj; is the transition label from state s; to state s;.
Compute " MY = lim,_oo M™"

Then there is an infinite run from s; with initial energy xp iff
M (x0) £ L.

Uli Fahrenberg w-Algebras for Real-Time Energy Problems March 26, 2026 10 /45



Some Technical Details for Reachability
(Applying work by S. Bloom, Z. Esik, W. Kuich and others)

For a matrix M = [a 2] with a € K%K and d € £™*™ (and
k+m=n), let

(aV bd*c)* (aV bd*c)*bd*

nxn
(d V ca*b)*ca* (dV ca*b)* €&

w=|

Lemma: M* does not depend on k and m, and
always NM*P = sup,, NMP.
@ can also use (generalized) Floyd-Warshall algorithm to compute M*;

generally faster

Theorem: For any £-automaton (S, M) with S = {1,...,n},
F={1,...,k}, k<n, sp <n, and xg € R>o,
Reach(sp, xo, F) = tt iff {FSKM*1%(xg) # L.
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Some Technical Details for Biichi Acceptance

(Extending work by S. Bloom, Z. Esik, W. Kuich and others)

For a matrix M = [a Z] with a € £k and d € £E™™ (and
k 4+ m=n), let

(aV bd*c)¥ V d“c(aV bd*c)*

M* = |: * p\w w * *:|€gl><n
L(dVca*b)” Vv a“b(dV ca*b)

(aV bd*c)¥

Wk — 1xn
M _t{(a\/bd*c)wbd*] €¢

Theorem: For any £-automaton (S, M) with S = {1,...,n},
F=A{1,...,k}, k<n, sp <n, and xg € R>, Biichi(sp, xp, F) = tt iff
M@k (x0) # L.
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Conclusion, 2011

@ Energy problems can be solved using the theory of
semiring-weighted automata and semiring-semimodule pairs

» for reachability, use star; for Biichi, use omega

@ Extensions to multi-dimension or games: semiring techniques do not
seem to apply
» but techniques from well-structured transition systems do
» for multi-dimensional games, undecidability is quickly reached

@ Extension to energy automata with discrete inputs?
» modeling discrete control problems
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Semirings
A semiring is a structure (S, ®,®,0,1) such that
e (5,4,0) is a commutative monoid,
> XDy =yox, x@(y0z)=(xdy)®z x00=x
e (S5,®,1) is a monoid,
»xR(yR2)=xQy)®z, xR1=10x=x
@ and which satisfies distributive and annihilation laws:
» x(y®z)=xyDxz, (xDy)z=xz2Dyz
»x®0=0®x=0
Examples:
@ natural numbers: (N, +,-,0,1)
the boolean semiring: ({ff, &}, v, A, fF, i)
max-plus algebra: (R U {—o0}, max, +, —00,0)
min-plus algebra: (R U {oo}, min, +, 00, 0)
languages over some alphabet ¥: (2%, U, -, ), {e})

etc.
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Weighted Automata

A weighted automaton (over a semiring S) is a structure (Q,/, K, T):
e Q: finite set of states, /, K C Q initial / accepting states
e TCRAxSxQ
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Weighted Automata

A weighted automaton (over a semiring S) is a structure (Q,/, K, T):
e Q: finite set of states, /, K C Q initial / accepting states
e TCRAxSxQ

Examples:

(22* U, -, 0, {€})

@ along paths: -

@ choice between paths: U
@ usual automata Al = {b}H{a,c} U{b}{a, c}{b}{a}U---
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Weighted Automata

A weighted automaton (over a semiring S) is a structure (Q,/, K, T):
e Q: finite set of states, /, K C Q initial / accepting states
e TCRAxSxQ

Examples:
({ff, &}, v, A, fF, i)

@ along paths: A

@ choice between paths: Vv
e digraphs |A] = (@ is reachable)
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Weighted Automata

A weighted automaton (over a semiring S) is a structure (Q,/, K, T):
e Q: finite set of states, /, K C Q initial / accepting states
e TCRAxSxQ

Examples:

(R U {oo}, min, +, 00,0)

@ along paths: +
@ choice between paths: min
@ shortest path |Al =4
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Weighted Automata

A weighted automaton (over a semiring S) is a structure (Q,/, K, T):
e Q: finite set of states, /, K C Q initial / accepting states
e TCRAxSxQ

Examples:

(R U {—00, 00}, max, min, —o0, 00)

@ along paths: min
@ choice between paths: max

@ maximum flow |Al =2
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Reachability in Weighted Automata

Let S =(S,®,®,0,1) be a semiring and A= (Q,/, K, T) a weighted
automaton over S.
o apathin A: 7= q1 =% qo -2 -+ 2% g, with all (gi,xi,qi+1) € T
@ the valueof m: |1 =x1 @ x @ -+ ® xp_1

@ 7 accepting if g1 € I and g, € K

Definition
The reachability value of A is

|A| = GB {I=| ’ T accepting path in A}

@ ® along paths; ® between paths

@ needs some provision for infinite sums!
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Complete Semirings

Definition (repeat)
The reachability value of A is

|A| = GB {|n| | = accepting path in A}

@ needs some provision for infinite sums!

Definition
A semiring (S, ®,®,0,1) is complete if all infinite sums @ X for X C S
exist.

@ now the definition of |A| makes sense
@ but completeness is a rather restrictive condition

o we'll do something different
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Continuous Kleene Algebras

From now on, restrict to idempotent semirings (S, ®, ®,0,1).
@ thatis, x®x=xforallxe S

@ N is not idempotent, but B, max-plus, min-plus, max-min, 2%" are,
as are most other important examples

@ write V = @ and | = 0 for emphasis

Definition
A continuous Kleene algebra is an idempotent semiring (S,V,®, L,1) in
which \/X exists for all X C S, and such that forall Y C S, x,z € S,

X(\/ Y)z = \/XYZ.

@ a complete idempotent semiring in which multiplication distributes
over infinite suprema

@ again, too restrictive
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Star-Continuous Kleene Algebras

Definition (repeat)

A continuous Kleene algebra is an idempotent semiring (S,V,®, L,1) in
which \/X exists for all X C S, and such that forall Y C S, x,z € S,

X(\/ Y)z:\/XYz. )

Definition

A star-continuous Kleene algebra is an idempotent semiring
(S,V,®,L,1) in which \/{x" | n > 0} exists for all x € S, and such
that for all x,y,z € S, x(\/{y” |n>0})z= \/x{y” | n>0}z.

@ loop abstraction:
O : O z O
local: x( \/ y")z 6 global: \/ (xy"z2)

n>0 n>0
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Star-Continuous Kleene Algebras

For x € S in a star-continuous Kleene algebra S, define

x* = \/ x"
n>0
o for languages, that's the Kleene star
@ poor man's inverse: the equation

1

XF=1OxOXPD - =
1—x

does make surprisingly much sense!
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Matrix Semirings

Let S be a semiring and n > 1.

@ 5" semiring of n X n matrices over S

@ (with matrix addition and multiplication)

@ If S is a star-continuous Kleene algebra, then so is S™*"
with M, = \/ V' MM M,

m>0 1<ky,....km<n

a b -
and for M = [c d] any partition,

(aV bd*c)*  (aV bd*c)*bd*

M= [(d V ca*b)*ca*  (dVca*h)*

(recursively)

“generalized Floyd-Warshall”
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Reachability in Weighted Automata, |l

Let S =(S,V,®, L,1) be a star-continuous Kleene algebra and
A=(Q,l,K, T) a weighted automaton over S.
@ transform A to matrix form:
recall T: Q@ x Q — S
write Q ={1,...,n}
then I, K C Q become ¢, x € {L,1}"
and T € §™7: the transition matrix

o recall |A| = @ {|r| | = accepting path in A}

v

v

v

v

Theorem
Al =:T*k J
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Motivation: Biichi Conditions in Weighted Automata

Let A= (Q,I,K, T) be a weighted automaton over a semiring S
e an infinite path in A: T = g1 =5 qo -2 - - with all
(gisxi,qiv1) € T
o 7 Biichiif g € I and

{geQ|Vn>0:Fi>n:qg=q}NK#0
Goal: make sense of the “definition”

IAll = @D {ll=|| | = Biichi path in A}

@ but what is the value ||7|| of an infinite path? an infinite product?

@ and, how to compute the sum 7
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Semiring-Semimodule Pairs

@ semiring S = (S5,9,®,0,1)

@ plus commutative monoid V = (V,®,0)
@ left S-action Sx V — V, (s,v) — sv

@ such that forall s,s" € S, v € V:

(s@s)v=svds'v sivav)=svds/
(ss')v = s(s'v) 0s=0
s0=0 lv=v

@ (think of vector spaces over fields, or modules over rings)
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Esik Algebras

Definition
An Esik algebra is an idempotent semiring-semimodule pair (S, V)
together with an infinite product [] : $* — V, such that

o for all xp,x1,... €S, [[xn = xo0 [[ Xn+1;

e for any sequence xp, x1,... € S and any sequence 0 = ng < n; < ---
which increases without a bound, let y, = x,, - - - Xy, ,, 1 for all
k > 0; then [[x, =[] v«-

e that is, [] generalizes the finite product in S
@ a new name for an old notion (Zoltan Esik passed away in 2016)

@ S for values of finite paths; V for values of infinite paths:

Hch imhﬁ%"“ :HXn—l
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Continuous Esik Algebras

Definition
An Esik algebra (S, V,[]) is continuous if
@ S is a continuous Kleene algebra and V is a complete lattice,

@ the S-action on V preserves all suprema in either argument, and

e for all Xp, X1,...C S, H(\/Xn) :\/{Hx,, | Xn € Xn,n > 0}.

o Esik-Kuich 2004

@ “continuous’” —= too restrictive
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Star-Continuous Esik Algebras

Definition
An Esik algebra (S, V,]]) is star-continuous if
@ S is a star-continuous Kleene algebra,

o forall x,y €S, veV, xyv= \/ xy"v,
n>0

e for all x9,x1,...,y,z€ S, H(x,,(y Vz))= \/ HXnX;,,

xé,x{,...e{y,z}

oforallx,yo,yl,...ES,Hx*yn: \/ ka"y,,.
0

ko,ki,...>

o Esik-Fahren berg-Legay-Quaas 2015
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Matrix Semiring-Semimodule Pairs

Let (S, V) be a semiring-semimodule pair and n > 1.
e (§™" V") is again a semiring-semimodule pair
@ (the action is matrix-vector product)

e if (S, V) is a star-continuous Esik algebra, then there is an operation
W SMN — V" given by MY = \/ Mi 1o My iy -+ -
1<ki,ka,...<n
» (not a general infinite product)

a b .\
@ and for M = [c d] any partition,

M — [(a V bd*c)* V (aV bd*c)*bd“’]

(dVca*b)? Vv (dV ca*b)*ca

(recursively)
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Bichi Conditions in Weighted Automata, Il

Let (S, V) be a star-continuous Esik algebra and A = (n, s, %, T) a
weighted automaton over S.
o reorder Q ={1,...,n} sothat xk = (1,...,1,L,..., 1)
» that is, now the first k < n states are accepting

o write T = [a b], with a € Skxk
c d

Theorem

- (a+ bd*c)*
1Al = ¢ [d*c(a—i— bd*c)~
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Example

D

closed —-20 half —20 open
open 2 open 5

start

rotate | —10 rotate | —10 rotate | —10

closed \ —20 half —20 ([ opera-
open 4 open tional

Ond
CoChs

@ given initial energy and time budget
@ spend time in states to regain energy
@ lose energy on transitions

@ decide reachability / Biichi acceptance
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Real-Time Energy Automata

A Real-Time Energy Automaton (S,so, F, T,r):
@ finite set S of states,
@ initial state s € S,
@ accepting states F C S,
@ transitions T € S x R<g x R>g X S

> s %) s’; p price, b bound

Semantics:
e configurations (s,x,t) € C =5 x R>9 x R>g
» x energy value; t available time
o (s,x,t)~ (s,x,t')iffd =t —t >0and 3(s,p,b,s’) € T such
that
» x+dr(s) > band
» X' =x+4+dr(s)+p
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Problems

Let A= (S, s, F, T,r) be a computable real-time energy automaton and
Xo, t, ¥ € [0, 00] computable numbers.

State reachability:  Does there exist a finite run
(S0, X0, t) ~» -+~ (s,x,t') in Awith s € F?

Coverability: ~ Does there exist a finite run (s, xo, t) ~» -+ ~ (s, x, ')
in A with s € Fand x > y?

Biichi acceptance:  Does there exist s € F and an infinite run
(so, X0, t) ~ (s1,x1,t1) ~ -+ in Ain which s, = s for
infinitely many n > 07
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Real-Time Energy Functions

Idea: a real-time energy automaton computes a function

(x,t) =y
(input energy, available time) — output energy

Atomic functions:

F(x. ) x+rt+p ifx+rt>b,
X7 — .
1 otherwise

Composition:
foglxt)= \/ &(f(x,t1) t)

t1+t=t
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Example

—20 ~20 ~10
G )
— 2
© 20 0 g o
f‘

t

f(x,t) # L
12 [
20 f(X’t):J‘ “““““ .
0 20 40 50 X
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Operations on Real-Time Energy Functions

Composition:  f > g(x,t) = \/ g(f(x,t1), t2)
t1+th=t
Maximum: £V g(x,t) = max(f(x, t), g(x,t))
Star:  f*(x,t) \/ f(x, t)
n>0

Definition
E: set of functions generated by atomic functions under V and b.

Lemma

For every f € &€ there exists N > 0 so that f* = \/,’:I:0 .

Corollary

& is locally closed, hence a *-continuous Kleene algebra.
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Reachability & Coverability

Let A= (a, M, k) be a computable real-time energy automaton.
o (Recall: o € {L,1}" initial vector, k € {_L,1}" accepting vector,
M € S"™*" transition matrix)
Compute |A| = aM*k.
Let xo, t, ¥ € [0, 00] computable numbers.

Theorem
There exists a finite run (sp, o, t) ~> « - ~> (s,x,t') in A with s € F iff
|A|(x0,t) > L.

Theorem

There exists a finite run (sp, xo, t) ~> « - ~> (s,x,t') in A with s € F and
x 2y iff |Al(x0, t) = y.

V.
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Biichi Acceptance

o B = {ff, tt}: the Boolean lattice, ff < tt

@ V: set of monotonic functions [0, o0] x [0,00] — B

o infinite product £ — V: [[ oo fu(x, t) = & iff Sto, t1,... € [0,00] :
Yoota=tand Vn>0, f(ty)o---ofy(to)(x) # L

@ U: subset of V generated by infinite products of £-functions: a left
E-semimodule

(E,U) forms a *-continuous Esik algebra.

Theorem J
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Biichi Acceptance

Let A= (a, M, k) be a computable real-time energy automaton.

Write M = [i 3] with a € Sk*k and compute

B (a+ bd*c)*
1Al = o {d*c(a + bd*c)*
Let xp, t,y € [0, o0] computable numbers.

Theorem

There exists s € F and an infinite run (sp, Xo, t) ~> (s1,x1,t1) ~> -+ in A
in which s, = s for infinitely many n > 0 iff |A||(xo, t) = tt.

e Functions in £ are computable piecewise linear, hence |A| and || Al
are computable

o (probably in EXPTIME)
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NIK 2018
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FM 2018 & FAC 2021
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Habilitation thesis, Paris-Saclay University

o Dziadek, UF, Schlehuber-Caissier: Energy Blichi problems. FM 2023
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Conclusion?

State of the art, 2008:

6 Conclusion

A summary of the results proved in this paper is provided in the following table.

The fields in gray remain open. Matching the complexity lower and upper bounds
for some of the problems is left open: the lower-bound problems for finite games
are strongly related to the well known open problem of complexity of mean-payoff
games; closing the gap between NP-hardness and containment in PSPACE for the
existential interval-bound problem seems intricate and it is a part of our future

work.
games existential problem ||universal problem
finite 1-clock finite 1-clock|| finite | 1-clock
€ UPNcoUP eP eP eP
L P (Th.
P-h (Th. 13) P |y )|l (tn. )| (Th. 9)
€ NP N coNP eP epP eP
L+W P (Th. 7
WPy (Th. 13) P |y )|l (tn. )| (Th. 9)
LU EXPTIME-c | Undec. € PSPACE eP
(Th. 14) |(Th. 15)||NP-h (Th. 14) (Th. 14)

Note that the results related to Theorem 9 hold for the initial credits arbitrarily
close (for anv given € > 0) to the given ones.
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