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P
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m

ing

D
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1
O

ctober2009

W
elcom

e

1
W

hy
categories?

2
W

hy
functionalprogram

m
ing

3
W

hy
the

com
bination

4
This

course

W
hy

categories?
W

hy
functionalprogram

m
ing

W
hy

the
com

bination
This

course

W
hy

categories?

There’s
a

tiresom
e

young
m

an
in

B
ay

S
hore.

W
hen

his
fiancée

cried,‘Iadore
The

beautifulsea’,
H

e
replied,‘Iagree,

It’s
pretty,butw

hatis
itfor?’

M
orris

B
ishop
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W
hy

categories?
W

hy
functionalprogram

m
ing

W
hy

the
com

bination
This

course

W
hy

categories?

W
hatw

e
are

probably
seeking

is
a

“purer”view
offunctions:a

theory
offunctions

in
them

selves,
nota

theory
offunctions

derived
from

sets.
W

hat,then,is
a

pure
theory

offunctions?
A

nsw
er:

category
theory.

D
ana

S
cott
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W
hy

categories?
W

hy
functionalprogram

m
ing

W
hy

the
com

bination
This

course

W
hy

categories?

D
escribe

structure
through

theireffecton
otherstructure

Internal(settheory)vs.external(category
theory)

“A
bstractnonsense”

G
eneraltheory

ofthings
(“objects”)and

theirrelations
(“m

orphism
s”)

A
pplicable

in
a

huge
variety

ofcontexts
O

rganizing
principle
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W
hy

categories?
W

hy
functionalprogram

m
ing

W
hy

the
com

bination
This

course

W
hy

functionalprogram
m

ing

S
Q

L,Lisp,and
H

askellare
the

only
program

m
ing

languages
thatI’ve

seen
w

here
one

spends
m

ore
tim

e
thinking

than
typing.

P
hilip

G
reenspun
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W
hy

categories?
W

hy
functionalprogram

m
ing

W
hy

the
com

bination
This

course

W
hy

the
com

bination

C
ategory

theory
is

a
theory

offunctions
and

offunctions
on

functions
Functionalprogram

m
ing

treats
functions

as
first-class

objects
H

ence
category

theory
and

functionalprogram
m

ing
share

a
com

m
on

m
ind-set

(A
nd

advanced
functionalprogram

m
ing

uses
som

e
advanced

categoricalconcepts)
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W
hy

categories?
W

hy
functionalprogram

m
ing

W
hy

the
com

bination
This

course

O
rganization

Fourdays
oflectures

and
exercises

plus
som

e
self-study

1,7,21,28
O

ctober
E

xercise
sessions

are
too

shortto
do

allexercises
so

do
som

e
ofthem

on
yourow

n
(orin

groups!)
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W
hy

categories?
W

hy
functionalprogram

m
ing

W
hy

the
com

bination
This

course

People

Lecturers

R
ené

R
.H

ansen
U

liFahrenberg

O
rganizers

R
ené

R
.H

ansen
U

liFahrenberg
H

ans
H

üttel
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W
hy

categories?
W

hy
functionalprogram

m
ing

W
hy

the
com

bination
This

course

H
ow

to
pass

this
course

S
om

e
ofthe

exercises
(m

arked
w

ith∗)are
forstudent

presentation
choose

one,solve
it,presentsolution

to
audience⇒

PA
S

S
P

resentation
lasts

approx.10
m

inutes
C

heck
yourpresentation

w
ith

R
ené

orm
e

before
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C
ategories,D

iagram
s,and

M
orphism

s

5
C

ategories
(P

ierce
1.1,1.2)

6
E

xam
ples

7
D

iagram
s

and
com

m
utativity

8
E

xam
ples

9
M

onos,epis,isos
(P

ierce
1.3)

10
A

category
oftransition

system
s

(W
inskel-N

ielsen
(M

odels)2.1)

C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

C
ategories

O
bjects

A
rrow

s,A
K

A
m

orphism
s

Foreach
arrow

f,a
dom

ain
and

a
co-dom

ain
(hence

w
rite

f
:A
→

B
)

C
om

position
ofcom

patible
arrow

s:
forf

:A
→

B
and

g
:B
→

C
,w

e
have

f;g
:A
→

C
(usually

w
rite

g◦
f

instead
off;g,bum

m
er...)

C
om

position
is

associative:
h◦

(g◦
f)

=
(h◦

g
)◦

f
A

nd
foreach

objectA
there’s

an
identity

arrow
id

A ,such
thatf◦

id
A

=
f

and
id

B ◦f
=

f
forallarrow

s
f

:A
→

B

That’s
allfolks

12
/32



C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

E
xam

ples
ofcategories

O
bjects

A
rrow

s
S

ets
Functions

G
roups

H
om

om
orphism

s
M

onoids
H

om
om

orphism
s

Posets
M

onotone
functions

C
P

O
s

C
ontinuous

functions
G

raphs
H

om
om

orphism
s
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

D
iagram

s

A
diagram

:

X
f ′

//

g ′
��

Z
g��

W
f

//Y

so
f◦

g ′and
g◦

f ′exist
The

diagram
com

m
utes

ifff◦
g ′

=
g◦

f ′
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

C
om

m
a

categories

G
iven

a
categoryC

and
an

objectA
∈
C,define

the
com

m
a

category
A
↓C

by:
O

bjects:C
(A
,B

)
forallB

∈
C

–
allm

orphism
s

f
:A
→

B
inC

w
ith

dom
ain

A
A

rrow
s:

A

��� � � � � �

�� 7 7 7 7 7 7 7

B
//C

S
o

the
objects

in
A
↓C

are
arrow

s
from

C,and
the

arrow
s

in
A
↓C

are
com

m
uting

triangles
from

C
!

A
nd

com
position

ofarrow
s

in
A
↓C

is
com

position
of

com
m

uting
triangles

inC.
This

is
called

the
com

m
a

category,orco-slice
ofC

underA
.
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

D
uality

W
here

there’s
a

co-slice,there’s
also

a
slice

(forany
object

A
∈
C):

co-slice
cat.

A
↓C

slice
cat.C↓

A

(A
↓C

) op

objects

A

��

B

B

��

A

AB

OO

arrow
s

A

��� � � � � � �

�� 9 9 9 9 9 9 9

B
//C

B
//

�� 6 6 6 6 6 6
C

��� � � � � � �

A

A

B
//

CC������
C

[[777777

S
o

the
slice

is
justthe

co-slice
w

ith
allarrow

s
turned

around
D

efinition:
The

dualofa
categoryC

is
the

categoryC
op,

w
hich

has
the

sam
e

objects
butallarrow

s
turned

around.
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

D
uality

W
here

there’s
a

co-slice,there’s
also

a
slice

(forany
object

A
∈
C):

co-slice
cat.

A
↓C

slice
cat.C↓

A
(A
↓C

) op

objects

A

��

B

B

��

A

AB

OO

arrow
s

A

��� � � � � � �

�� 9 9 9 9 9 9 9

B
//C

B
//

�� 6 6 6 6 6 6
C

��� � � � � � �

A

A

B
//

CC������
C

[[777777

S
o

the
slice

is
justthe

co-slice
w

ith
allarrow

s
turned

around
D

efinition:
The

dualofa
categoryC

is
the

categoryC
op,

w
hich

has
the

sam
e

objects
butallarrow

s
turned

around.
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

M
onoids

and
pre-orders

as
categories

A
m

onoid
is

a
setw

ith
an

operation
w

hich
is

associative
and

has
a

unit.
A

m
onoid

is
a

category
w

ith
one

object.

A
pre-orderis

a
setw

ith
a

relation
w

hich
is

reflexive
and

transitive.
(A

posetis
a

pre-orderin
w

hich
the

relation
is

also
antisym

m
etric.)

A
pre-orderis

a
category

w
ith

atm
ostone

m
orphism

betw
een

any
tw

o
objects.
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

Isom
orphism

s

D
efinition:

A
n

arrow
f

:A
→

B
in

a
categoryC

is
an

iso(m
orphism

)ifithas
an

inverse,i.e.an
arrow

g
:B
→

A
for

w
hich

g◦
f

=
id

A
and

f◦
g

=
id

B .

A
f

//B
g

oo

O
ne

also
w

rites
g

=
f −

1.
These

are
justthe

usualisom
orphism

s
in

yourfavourite
categories.
D

efinition:
O

bjects
A
,B
∈
C

are
isom

orphic
ifthere

is
an

isom
orphism

f
:A
→

B
.

Isom
orphic

objects
are

indistinguishable
from

the
pointof

view
ofcategory

theory
(because

theirexternalproperties
are

the
sam

e).
19

/32

C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

M
onom

orphism
s

In
the

category
ofsets

and
functions,

an
arrow

f
:B
→

C
is

injective
(one-to-one)iff(x

)
=

f(y
)

im
plies

x
=

y
forallx

,y
∈

B
.

E
quivalent:

f
:B
→

C
is

injective
iff◦

g
=

f◦
h

im
plies

g
=

h
forallg

,h
:A
→

B
and

allA
.

A
g

//

h
//B

f
//C

A
rrow

-only
(external)property!

D
efinition:

A
n

arrow
f

:B
→

C
in

a
categoryC

is
a

m
ono(m

orphism
)iff◦

g
=

f◦
h

im
plies

g
=

h
forall

g
,h

:A
→

B
and

allA
∈
C.

W
arning:

In
a

lotofcategories,“injective”does
notm

ake
sense,and

even
ifitdoes,itm

ay
notbe

the
sam

e
as

“m
ono”.
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

E
pim

orphism
s

A
gain

in
the

category
ofsets

and
functions,

an
arrow

f
:A
→

B
is

surjective
(onto)if

∀y
∈

B
∃x
∈

A
:f(x

)
=

y.
E

quivalent:
f

:A
→

B
is

surjective
ifg◦

f
=

h◦
f

im
plies

g
=

h
forallg

,h
:B
→

C
and

allC
.

A
f

//B
g

//

h
//C

A
rrow

-only
(external)property!

D
efinition:

A
n

arrow
f

:A
→

B
in

a
categoryC

is
an

epi(m
orphism

)ifg◦
f

=
h◦

f
im

plies
g

=
h

forallg
,h

:B
→

C
and

allC
∈
C.

W
arning:

In
a

lotofcategories,“surjective”does
notm

ake
sense,and

even
ifitdoes,itm

ay
notbe

the
sam

e
as

“epi”.
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

E
xam

ple
(P

ierce
1.3.6)

In
the

category
ofm

onoids
and

hom
om

orphism
s,the

inclusion
function

i
:
N
↪→
Z

is
injective,
a

m
ono,

notsurjective,
butalso

an
epi!
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

A
category

oftransition
system

s

A
transition

system
is

a
tuple

(S
,i,L

,Tr)
w

ith
Tr⊆

S
×

L×
S

.
A

m
orphism

oftransition
system

s
T

=
(S
,i,L

,Tr),
T
′
=

(S
′,i ′,L ′,Tr ′)

is
a

pairf
=

(σ
,λ

)
:T
→

T
′offunctions

σ
:S
→

S
′,
λ

:L→
L ′forw

hich
σ
(i)

=
i ′and

(s
1 ,a

,s
2 )∈

Tr
im

plies
(σ

(s
1 ),λ

(a
),σ

(s
2 ))∈

Tr ′

(A
lm

ostlike
a

graph
hom

om
orphism

)

B
utw

ait:
W

e
w

antto
be

able
to

m
ap

labels
in

L
to

“nothing”
(so

w
e

can
abstractaw

ay
actions)

S
o

w
e

need
partialfunctions

λ
:L→

L ′⊥
A

nd
if
λ
(a

)
=
⊥

above,then
w

e
w

antthe
transition

to
disappear.
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C
ategories

E
xam

ples
D

iagram
s

and
com

m
utativity

E
xam

ples
M

onos,epis,isos
A

category
oftransition

system
s

Idle
transitions

(A
transition

system
is

a
tuple

(S
,i,L

,Tr)
w

ith
Tr⊆

S
×

L×
S

.)

S
econd

try:
Introduce

idle
transitions:

Tr⊥
=

Tr∪
{(s

,⊥
,s

)|s∈
S}

N
ow

itw
orks:

A
m

orphism
oftransition

system
s

T
=

(S
,i,L

,Tr),T
′
=

(S
′,i ′,L ′,Tr ′)

is
a

pair
f

=
(σ
,λ

)
:T
→

T
′offunctions

σ
:S
→

S
′,
λ

:L→
L ′⊥

for
w

hich
σ
(i)

=
i ′and

(s
1 ,a

,s
2 )∈

Tr
im

plies
(σ

(s
1 ),λ

(a
),σ

(s
2 ))∈

Tr ′⊥

Togetherthese
form

a
category.

A
nd

w
e

shallhave
to

say
m

uch
m

ore
aboutthis

category
later.
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Functors

11
Functors

(P
ierce

2.1)
12

E
xam

ple
13

The
category

ofcategories
14

N
aturaltransform

ations
(P

ierce
2.3)

15
E

xam
ple

Functors
E

xam
ple

The
category

ofcategories
N

aturaltransform
ations

E
xam

ple

Functors

G
oing

up
one

level:
W

e’ve
seen

lots
ofdifferentcategories

now
.

W
hatabouta

category
ofcategories?

O
bjects:

categories
A

rrow
s:

functors
D

efinition:
A

functorfrom
a

categoryC
to

a
categoryD

consists
ofa

function
F

on
objects

and
a

function
F

on
arrow

s

C
D

A
�

F
//

f
��

F
(A

)F
(f)

��

�
F

//

B
�

F
//F

(B
)

forw
hich

F
(id

A
)

=
id

F
(A

)
and

F
(g◦

f)
=

F
(g

)◦
F

(f).
A

bitlike
graph

hom
om

orphism
s!
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Functors
E

xam
ple

The
category

ofcategories
N

aturaltransform
ations

E
xam

ple

E
xam

ple
(P

ierce
2.1.2)

The
K

leene
star(orList)function

from
sets

to
sets:

S
7→

S
∗

=
List(S

)
= {w

ords
s

1 s
2
...s

n |n∈
N
,alls

i ∈
S }

Turn
this

into
a

functorfrom
the

category
ofsets

and
functions

to
itself:

f
:S
→

T
7→

f ∗
:S
∗→

T
∗

f ∗(s
1 s

2
...s

n )
=

f(s
1 )f(s

2 )
...f(s

n )

O
r,in

otherw
ords,

List(f)
=
λs

1 s
2
...s

n
.f(s

1 )f(s
2 )
...f(s

n )
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Functors
E

xam
ple

The
category

ofcategories
N

aturaltransform
ations

E
xam

ple

E
xam

ple
(P

ierce
2.1.3)

A
ctually,S

∗
is

a
m

onoid
forallsets

S
:

S
trings

can
be

concatenated,
concatenation

is
associative

and
has

unit
ε

(em
pty

string).
Is

K
leene

stara
functorfrom

sets
to

m
onoids?

Yes,forf ∗
is

a
m

onoid
hom

om
orphism

forallfunctions
f.
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Functors
E

xam
ple

The
category

ofcategories
N

aturaltransform
ations

E
xam

ple

The
category

ofcategories

R
ecallthe

category
ofcategories:

O
bjects:

categories
A

rrow
s:

functors
W

hataboutcom
position

ofarrow
s?

D
efinition:

Forfunctors
F

:C→
D

,G
:D
→
E,the

com
posite

functorG
◦

F
:C→

E
is

defined
by

(G
◦

F
)(A

)
=

G
(F

(A
))

on
objects

(G
◦

F
)(f)

=
G

(F
(f))

on
arrow

s

(N
othing

surprising
here)

A
ssociativity

X
Identity

functors
X
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Functors
E

xam
ple

The
category

ofcategories
N

aturaltransform
ations

E
xam

ple

N
aturaltransform

ations

G
oing

up
anotherlevel:

1
C

ategories
2

Functors:
arrow

s
betw

een
categories

3
W

hataboutarrow
s

betw
een

functors?
The

functorcategoryD
C

(forC
,D

categories)has
objects:

functors
arrow

s:
naturaltransform

ations
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Functors
E

xam
ple

The
category

ofcategories
N

aturaltransform
ations

E
xam

ple

N
aturaltransform

ations

D
efinition:

A
naturaltransform

ation
η

:F
→̇

G
betw

een
functors

F
,G

:C→
D

is
a

function
from

C-objects
toD

-arrow
s,

A
7→

η
A

:F
(A

)→
G

(A
)

such
thatthe

diagram
s

F
(A

)
η

A
//

F
(f)

��

G
(A

)G
(f)

��

F
(B

)
η

B
//G

(B
)

com
m

ute
forallarrow

s
f

:A
→

B
inC.
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Functors
E

xam
ple

The
category

ofcategories
N

aturaltransform
ations

E
xam

ple

E
xam

ple
(P

ierce
2.3.3)

rev
:

the
function

w
hich

reverses
lists

Polym
orphic:

inputis
listofany

type
S

o
forany

setS
,w

e
have

a
function

rev
S

:S
∗→

S
∗

(R
em

em
berthe

K
leene

starfunctorListfrom
sets

to
m

onoids.)
S

o
rev

is
a

function
from

sets
to

m
onoid

hom
orphism

s,

rev
:S

7→
rev

S
:S
∗→

S
∗

A
naturaltransform

ation
rev

:List→̇
List?

Yes
indeed

X
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