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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

C
ategories

S
etofobjectsC

0
S

etofarrow
sC

1

Foreach
arrow

f∈
C

1 ,a
dom

ain
dom

(f)∈
C

0
and

a
co-dom

ain
cod

(f)∈
C

0
(W

rite
f

:A
→

B
ifdom

(f)
=

A
and

cod
(f)

=
B

)

Foreach
objectA

∈
C

0 ,an
identity

arrow
id

A ∈
C

0

Foreach
f1

:A
→

B
and

f2
:B
→

C
,a

com
posite

f2 ◦
f1

:A
→

C
,

w
ith

associativity:f3 ◦
(f2 ◦

f1 )
=

(f3 ◦
f2 )◦

f1
w

heneverthese
are

defined,
and

identities:
forallarrow

s
f

:A
→

B
,f◦

id
A

=
f

and
id

B ◦f
=

f.

That’s
allfolks:

C
0 ,C

1 ,dom
,cod

:C
1 →

C
0 ,id

:C
0 →

C
1 ,◦

:C
1 ×
C

0 C
1 →

C
1
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

Initialand
term

inalobjects

D
efinition:

LetC
be

a
category

and⊥
,>
∈
C

objects.
⊥

is
an

initialobjectifthere
is

exactly
one

arrow
⊥
→

A
for

every
A
∈
C.

>
is

a
term

inalobjectifthere
is

exactly
one

arrow
A
→
>

forevery
A
∈
C.

(N
ote

the
duality.)

E
xam

ples:S
et,G

raph,transition
system

s,poset-as-category,
pointed

sets

A
rrow

s
from

term
inalobjects

pick
outelem

ents.

E
xam

ple:
in

S
et,an

elem
entofa

setA
is

the
sam

e
as

an
arrow

>
→

A
.
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

P
roducts

and
co-products

D
efinition:

LetC
be

a
category

and
A
,B
∈
C

objects.
A

productofA
and

B
consists

ofan
objectP

=
A
×

B
ofC

and
(“projection”)arrow

s
π

A
:P
→

A
,
π

B
:P
→

B
w

ith
the

property
that:

forany
C
∈
C

w
ith

arrow
s

fA
:C
→

A
and

fB
:C
→

B
,there

is
exactly

one
arrow

fP
:C
→

P
forw

hich
π

A ◦
fP

=
fA

and
π

B ◦
fP

=
fB

C
fA��� � � � � � �

fB

��
? ? ? ? ? ? ?

∃
!fP��

A
P

π
A

oo
π

b
//B

D
ually:

A
co-productofA

and
B

consists
ofan

object
U

=
A
t

B
ofC

and
(“injection”)arrow

s
ιA

:A
→

U
,

ιB
:B
→

U
w

ith
the

property
that

A
ιA
//

g
A
��

? ? ? ? ? ? ?
U∃
!g

U��

B
ιB
oo

g
B

��� � � � � � �

C
5
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

P
roducts

and
co-products

E
xam

ples:
P

roducts
in

S
et,G

raph,M
on

C
o-products

in
S

et,G
raph,M

on
C

o-products
in

S
et∗

=
>
↓

S
et

P
roductin

G
raph

vs.productin
R

G
raph
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

E
qualizers

and
co-equalizers

D
efinition:

LetC
be

a
category

and
f,g

:A
→

B
∈
C

arrow
s.

A
n

equalizeroff
and

g
consists

ofan
objectI∈

C
and

an
arrow

i
:I→

A
for

w
hich

C
i ′

''
O O O O O O O O O O O O O Oi ′

�� / / / / / / / / / / / / / /

∃
!k
��I

i
//

i��

A
g��

A
f
//B

A
co-equalizeroff

and
g

consists
ofan

objectP
∈
C

and
an

arrow
p

:A
→

P
for

w
hich

A
f
//

g
��

Bp
��

p ′

�� / / / / / / / / / / / / / /

B
p
//p ′

''
O O O O O O O O O O O O O O

P

∃
!k
��C

I
i
//A

f
//

g
//B

p
//P
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

E
qualizers

and
co-equalizers

E
xam

ple,in
S

et:I
i
//A

f
//

g
//B

p
//P

I
=
{x
∈

A
|f(x

)
=

g
(x

)}
i

:I
↪→

A
inclusion

P
=

setofequivalence
classes

B
/∼

,w
here∼

is
the

sm
allestequivalence

relation
forw

hich
f(x

)∼
g

(x
)

forall
x
∈

A
p

:x
→

[x
]∼

projection
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

Lim
its

A
(com

m
utative)diagram

in
a

categoryC
is

a
functor

F
:D
→
C

from
a

(usually
quite

sm
all)categoryD

.
A

cone
forsuch

a
diagram

F
consists

ofan
objectX

∈
C

and
arrow

s
fD

:X
→

F
(D

)
forallobjects

D
∈
D

such
that

forallarrow
s

g
:D
→

D
′∈
D

,
F

(D
)F
(g

)

��

X

fD
77

nnnnnnnn

fD ′
''

P P P P P P P P

F
(D
′)

A
lim

itforsuch
a

diagram
F

is
a

cone
(X
,{fD })

such
that

forallcones
(X
′,{f ′D }),

F
(D

)F
(g

)

��

X
′

f ′D
11

f ′D ′
--

∃
!k
//X

fD

77
nnnnnnnn

fD ′
''

P P P P P P P P

F
(D
′)
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

Lim
its

A
(com

m
utative)diagram

in
a

categoryC
is

a
functor

F
:D
→
C

from
a

(usually
quite

sm
all)categoryD

.
A

cone
forsuch

a
diagram

F
consists

ofan
objectX

∈
C

and
arrow

s
fD

:X
→

F
(D

)
forallobjects

D
∈
D

such
that

forallarrow
s

g
:D
→

D
′∈
D

,
F

(D
)F
(g

)

��

X

fD
77

nnnnnnnn

fD ′
''

P P P P P P P P

F
(D
′)

A
cone

forF
consists

ofan
objectX

∈
C

and
a

natural
transform

ation
f

:X̃
→̇

F
,w

here
X̃

:D
→
C

is
the

constant
functorD

7→
X

,f7→
id

X
.

These
form

a
category

ofcones
overF

.
A

lim
itforF

is
a

term
inalobjectin

this
category.
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

C
o-lim

itsA
co-cone

fora
diagram

F
:D
→
C

consists
ofan

object
X
∈
C

and
a

naturaltransform
ation

f
:F
→̇

X̃
,w

here
X̃

:D
→
C

is
the

constantfunctorD
7→

X
,f7→

id
X

:
F

(D
)

F
(g

)

��

fD

''
P P P P P P P P

X

F
(D
′)

fD ′

77
nnnnnnnn

A
co-lim

itis
a

term
inalobjectin

the
category

ofco-cones
overF

:
F

(D
)

F
(g

)

��

fD
''

P P P P P P P P
f ′D

((
X

∃
!k
//X
′

F
(D
′)

fD ′
77

nnnnnnnn
f ′D ′

66

11
/31

C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

E
xam

ples

term
inalobject

=
lim

itofthe
em

pty
diagram

initialobject
=

co-lim
itofthe

em
pty

diagram

productA
×

B
=

lim
itofthe

diagram
A

B
(no

arrow
s)

co-productA
t

B
=

co-lim
itofthe

diagram
A

B
(no

arrow
s)

equalizeroff,g
:A
→

B
=

lim
itofthe

diagram
A

f
//

g
//B

co-equalizeroff,g
:A
→

B
=

co-lim
itofthe

diagram

A
f
//

g
//B
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

U
niqueness

up
to

isom
orphism

Term
inaland

initialobjects
are

unique
up

to
isom

orphism

��

A
lllim

its
and

co-lim
its

are
unique

up
to

isom
orphism
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

P
ullbacks

and
pushouts

A
pullback

is
a

lim
itofa

diagram

X

A
×

C
B

B

g��

A
f

//C

A
pushoutis

a
co-lim

itofa
diagram

C
f

//

g

��

A

B
A
t

C
B

X
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

P
ullbacks

and
pushouts

A
pullback

is
a

lim
itofa

diagram

X

A
×

C
B

f ′
//

g ′

��

B

g��

A
f

//C

A
pushoutis

a
co-lim

itofa
diagram

C
f

//

g

��

A

g ′

��

B
f ′
//A
t

C
B

X
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

P
ullbacks

and
pushouts

A
pullback

is
a

lim
itofa

diagram

X
j

%%

h

��

A
×

C
B

f ′
//

g ′

��

B

g��

A
f

//C

A
pushoutis

a
co-lim

itofa
diagram

C
f

//

g

��

A

g ′

��
h

��

B
f ′
//

j
++

A
t

C
B

X
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

P
ullbacks

and
pushouts

A
pullback

is
a

lim
itofa

diagram

X
j

%%

h

��

∃
!k

""

A
×

C
B

f ′
//

g ′

��

B

g��

A
f

//C

A
pushoutis

a
co-lim

itofa
diagram

C
f

//

g

��

A

g ′

��
h

��

B
f ′
//

j
++

A
t

C
B

∃
!k

""X
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C
ategories

Initialobjects
P

roducts
E

qualizers
Lim

its
U

niqueness
P

ullbacks
A

djoints

A
djoints

preserve
lim

its

Theorem
:

IfG
:E
→
C

has
a

leftadjointand
D

:D
→
E

has
a

lim
it

(X
,f),then

G
◦

D
:D
→
C

has
lim

it
(G

(X
),G
◦

f).

“R
ightadjoints

preserve
lim

its”

D
ualtheorem

:
IfF

:C→
E

has
a

rightadjointand
D

:D
→
C

has
a

co-lim
it

(X
,f),then

G
◦

D
:D
→
E

has
co-lim

it
(G

(X
),G
◦

f).

“Leftadjoints
preserve

co-lim
its”
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C
ategoricalconstructions

fortransition
system

s

9
Transition

system
s

10
R

e-labeling
11

P
roduct

12
R

estriction
13

P
arallelcom

position

Transition
system

s
R

e-labeling
P

roduct
R

estriction
C

om
position

Transition
system

s

R
ecall:

C
ategory

oftransition
system

s
=

pointed
arrow

category>
↓

R
G

raph
→

R
G

raph
1

objects>
→

T
→

G
L

–
term

inalgraph→
graph→

one-pointgraph
–

initialpoint→
graph→

labeling
m

orphism
s

>
��� � � � �

�� < < < < <

T
σ

//

��

T
′��

G
L

λ
//G
′L
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/31



Transition
system

s
R

e-labeling
P

roduct
R

estriction
C

om
position

R
e-labeling

R
e-labeling

ofa
transition

system
>
→

T
→

G
L

by
a

label
m

orphism
λ

:L→
L ′⊥

:

>

��

T

��
  

G
L

λ
//G
′L
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Transition
system

s
R

e-labeling
P

roduct
R

estriction
C

om
position

P
roduct

P
roductoftransition

system
s>
→

T
→

G
L ,>

→
T
′→

G
′L :

>

zzu u u u u u u u u u u∃
!i��

$$
I I I I I I I I I I

T`
��

T
×

T
′

∃
!k��

π
1

oo
π

2
//T
′` ′
��

G
L

G
L ×

G
′L

π
1

oo
π

2
//G
′L

A
rrow

s>
i−→

T
×

T
′

k−→
G

L ×
G
′L

given
uniquely

because
of

product.
The

labeling
is

G
L ×

G
′L

=
G

Lt
L ′t

L×
L ′,or

L⊥
×

L ′⊥
=
{(a

,b
),(a

,⊥
),(⊥

,b
),(⊥

,⊥
)|a∈

L
,b∈

L ′}
This

is
the

productin
the

category
>
↓

R
G

raph
→

R
G

raph
1

22
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Transition
system

s
R

e-labeling
P

roduct
R

estriction
C

om
position

R
estriction

R
estriction

ofa
transition

system
>
→

T
→

G
L

to
a

subset
L ′
↪→

L:

P
ullback

>

��   
##

X
′

//
_

_
_

�� � � �
X

��

G
′L

� �
//G

L
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Transition
system

s
R

e-labeling
P

roduct
R

estriction
C

om
position

P
arallelcom

position

Forparallelcom
position

(>
→

T
→

G
L )||(>

→
T
′→

G
′L ):

1
Form

product
(>
→

T
→

G
L )×

(>
→

T
′→

G
′L )

This
is

com
pletely

synchronized:
contains

allpossible
com

binations
(a
,b

),(a
,⊥

),(⊥
,b

)
oflabels⇒

all
possible

synchronizations
2

R
estrictby

an
inclusion

S
↪→

L⊥
×

L ′⊥
S

pecifies
w

hich
synchronizations

are
allow

ed
ForC

C
S

:S
=
{(a

,ā
),(b

,b̄
),...}

ForC
S

P
:S

=
{(a

,a
),(b

,b
),...}

etc.
(!)

3
R

e-label
ForC

C
S

:
(a
,ā

)7→
τ,(b

,b̄
)7→

τ,...
ForC

S
P

:
(a
,a

)7→
a
,(b

,b
)7→

b
,...

etc.
24
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Transition
system

s
R

e-labeling
P

roduct
R

estriction
C

om
position

P
arallelcom

position

Theorem
:

A
lltypes

ofparallelcom
position

can
be

expressed
using

product,restriction,and
re-labeling.

P
roduct:

lim
it.

R
estriction:

pullback
–

lim
it.

R
e-labeling:

com
position

⇒
A

lltypes
ofparallelcom

position
are

com
binations

oflim
its

and
com

position.
⇒

A
lltypes

ofparallelcom
position

are
preserved

by
right

adjoints.

R
ecall:

U
nfolding

from
transition

system
s

to
synchronization

trees
is

a
rightadjoint

C
orollary:

If||is
any

type
ofparallelcom

position,then
the

unfolding
ofa||is

the||ofthe
unfoldings.
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S
olutions

to
recursive

dom
ain

equations

14
D

om
ains;fixed-pointtheorem

15
R

ecursive
dom

ain
equations

16
G

eneralized
fixed-pointtheorem

D
om

ains
R

ecursive
equations

Fixed-pointtheorem

D
om

ains;fixed-pointtheorem

R
ecall:

A
dom

ain
is

a
setD

togetherw
ith

a
partialorder

v
⊆

D
×

D
w

hich
contains

a
leastelem

ent⊥
∈

D
,and

in
w

hich
every

increasing
chain

x
1 v

x
2 v
···

has
a

leastupperbound
(lub).

A
function

f
:D
→

D
′ofdom

ains
is

continuous
if

f
is

m
onotone:

x
v

D
y
⇒

f(x
)v

D
′f(y

),and
f

preserves
lub’s:

forany
increasing

chain
S
⊆

D
,

f(lub
S

)
=

lub
f(S

).
D

om
ains

and
continuous

functions
form

a
category

D
om

.
A

fixed
pointofan

endofunction
f

:D
→

D
is

an
elem

ent
x
∈

D
forw

hich
f(x

)
=

x.
Fixed-pointtheorem

:
A

continuous
endofunction

f
:D
→

D
has

a
leastfixed

pointx ∗,and
x ∗

=
lub{f i(⊥

)|i∈
N}.
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D
om

ains
R

ecursive
equations

Fixed-pointtheorem

R
ecursive

dom
ain

equations

R
ecall:

In
operationalsem

antics,w
e

need
recursively

defined
sets.

Forexam
ple

E
nv

P
=

P
navne

⇀
K

om
×

E
nv

P

This
is

actually
a

recursively
defined

dom
ain

(w
ith

subset
(“specializatin”)orderingv

=
⊆

)
This

is
quite

com
m

on.
Forexam

ple
untyped

lam
bda-calculus:

E
xpr

=
E

xpr
⇀

E
xpr

O
rlam

bda-calculus
w

ith
constants

A
:

E
xpr

=
A
∪

(E
xpr

⇀
E

xpr)

P
roblem

atic,because
this

does
notw

ork
forgeneralsets!
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D
om

ains
R

ecursive
equations

Fixed-pointtheorem

R
ecursive

dom
ain

equations

G
eneralquestion:

IfF
is

a
function

from
dom

ains
to

dom
ains:

U
nderw

hat
conditions

does
the

equation
D

=
F

(D
)

have
a

m
eaningful

solution?

S
olution

by
categorification:

LetF
:D

om
→

D
om

be
a

functor.
Find

conditions
under

w
hich

the
equation

D
=

F
(D

)
has

a
leastfixed

pointup
to

isom
orphism

,and
a

w
ay

to
com

pute
it.

D
efinition

(P
-3.4.1):

A
fixed

pointfora
functorF

:D
om
→

D
om

is
a

pair
(D
,d

)
ofa

dom
ain

D
∈

D
om

and
an

isom
orphism

d
:F

(D
)→

D
.

A
pre-fixed

pointis
a

pair
(D
,d

)
w

ith
an

arrow
d

:F
(D

)→
D

.
W

antto
find

an
initialfixed

point.
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D
om

ains
R

ecursive
equations

Fixed-pointtheorem

G
eneralized

fixed-pointtheorem

P
re-fixed

points
and

fixed
points

form
categories:

arrow
s:

F
(D

)
F

(f)
//

d
��

F
(D
′)d
′
��

D
f

//D
′

W
e

are
looking

foran
initialobjectin

the
category

offixed
points.
Lem

m
a

(P
-3.4.2):

A
n

initialpre-fixed
pointis

also
an

initial
fixed

point.
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D
om

ains
R

ecursive
equations

Fixed-pointtheorem

G
eneralized

fixed-pointtheorem

The
one-pointdom

ain⊥
=
{⊥}

is
both

initialand
term

inal
in

D
om

.
Theorem

:
Letp

:⊥
→

F
(⊥

)
be

the
unique

arrow
,and

look
atthe

(infinite)diagram

⊥
p
//F

(⊥
)

F
(p

)
//F

2(⊥
)

F
2(p

)
//F

3(⊥
) F

3(p
)
//···

F
has

an
initialpre-fixed

point,w
hich

is
the

co-lim
itofthis

diagram
.

This
looks

like

⊥
p
//F

(⊥
)

F
(p

)
//F

2(⊥
)

F
2(p

)
//F

3(⊥
) F

3(p
)
//···

D ,,

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
++

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV
))

SSSSSSSSSSSSSSSSSSSSSSSSSSSS
%%

KKKKKKKKKKKKKKKKK

···

(this
is

called
a

projective
lim

it)
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