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Abstract

Concurrent Kleene Algebra (CKA) is a mathematical formalism to study programs that exhibit
concurrent behaviour. As with previous extensions of Kleene Algebra, characterizing the free model
is crucial in order to develop the foundations of the theory and potential applications. For CKA, this
has been an open question for a few years and this paper makes an important step towards an answer.
We present a new automaton model and a Kleene-like theorem for pomset languages, which are a
natural candidate for the free model. There are two substantial differences with previous work: from
expressions to automata, we use Brzozowski derivatives, which enable a direct construction of the
automaton; from automata to expressions, we provide a syntactic characterization of the automata
that denote valid CKA behaviours.

1 Introduction

In their CONCUR’09 paper [4], Hoare, Méller, Struth, and Wehrman introduced Concurrent Kleene
Algebra (CKA) as a suitable mathematical framework to study concurrent programs, in the hope of
achieving the same elegance that Kozen did when using Kleene Algebra (and extensions) to provide a
verification platform for sequential programs.

CKA is a seemingly simple extension of Kleene Algebra (KA): it adds a parallel operator that allows
to compositionally specify concurrent behaviours. However, extending the existing KA toolkit — im-
portantly, completeness and decidability results — turns out to be challenging. A fundamental missing
ingredient is a characterization of the free model for CKA. This is in striking contrast with KA, where
these topics are well understood. Several authors [5l [7] have conjectured the free model to be pomset
languages — a generalization of regular languages to sets of partially ordered words.

In KA, Kleene’s theorem provided a pillar for developing the toolkit and axiomatization [I1], and, by
extension, characterizing the free model. In this light, we pursue a Kleene Theorem for CKA. Specifically,
we study CKA expressions, also called series-rational expressions, with a denotational model given in
terms of pomset languages. Our main contribution is a Kleene Theorem for series-rational expressions,
based on two constructions faithfully translating between the denotational model and a newly defined
operational model, which we call pomset automata. In a nutshell, these are finite-state automata in which
computations from a certain state s may branch into parallel threads that contribute to the language of
s whenever they both reach a final state.

We are not the first to attempt such a Kleene theorem. However, earlier works [14}[7] fall short of giving
a precise correspondence between the denotational and operational models, due to the lack of a suitable
automata restriction ensuring that only valid behaviours are accepted. We overcome this situation by
introducing a generalization of Brzozowski derivatives [2] in the translation from expressions to automata.
This guides us to a syntactic restriction on automata (rather than the semantic condition put forward in
previous works), which guarantees the existence of a reverse construction, from automata to expressions.
Moreover, following the Brzozowski route allows us to bypass a Thompson-like construction [16], avoiding
the introduction of e-transitions and non-determinism present in the aforementioned works.

The remainder of this paper is organized as follows. In Section 2] we introduce the necessary notation.
In Section Bl we introduce our automaton model as well as some notable subclasses of automata. In
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Figure 1: Hasse diagrams for pomsets and a pomset automaton accepting one.

Section Ml we discuss how to translate a series-rational expression to a semantically equivalent pomset
automaton, while in Section [}l we show how to translate a suitably restricted class of pomset automata
to series-rational expressions. We contrast results with earlier work in Section [6l Directions for further
work in are listed in Section [7]

To preserve the flow of the narrative, proofs of the more routine lemmas appear in Appendix [Al

2 Preliminaries

For S a set, we write 2° for the set of all subsets of S, and (g) for the set of multisets over S of size

two. An element of (g) containing s1, s € S is written {s1, s2f}; note that {s1, saf} = {s2, s1[}. We use

the symbols ¢ and ¥ to denote multisets. If S and I are sets, and for every ¢ € I there exists an s; € .5,
we call (s;);c; an I-indexed family over S. We sometimes write (s;),.; € S to signify that the latter is
a family over S. We say that a relation < C S x S is a strict order on S if it is irreflexive, asymmetric
and transitive. We refer to < as well-founded if there are no infinite descending <-chains, i.e., no family
(8n) ey € S such that Vn € N, 5,11 < s,. Throughout the paper we fix a finite set ¥ called the alphabet,
whose elements are symbols usually denoted with a and b. Lastly, if - C X xY X Z is a ternary relation,

we write z 2 z instead of (x,y,2) € —.

2.1 Pomsets

Partially-ordered multiset, or pomset [3] for short, generalise words to a setting where events (elements
from X)) may take place not just sequentially, but also in parallel.

Definition 2.1. A labelled poset is a tuple (U, <y, Ay) consisting of a carrier set U, a partial order
<y on U and a labelling function A\y : U — X. A labelled poset isomorphism is a bijection between
poset carriers that bijectively preserves the labels and the ordering. A pomset is an isomorphism class of
labelled posets; in practice, it is a labelled poset up-to bijective renaming of elements in U. We write 1 for
the empty pomset, Pomy, for the set of all pomsets and Pomg for the set of all the non-empty pomsets.

For instance, suppose a recipe for caramel-glazed cookies tells us to (i) prepare cookie dough (ii) bake
cookies in the oven (iii) caramelize sugar (iv) glaze the finished cookies. Here, step (i) precedes steps (i)
and (). Furthermore, step ([x)) succeeds both steps () and (). A pomset representing this process
could be (C,<¢,Ac), where C = {({@), @), @), @)} and <¢ is such that @) <¢ @) <¢ (@) and
@ <¢ @) <¢ [@); Ac is as in the recipe.

Note that words are just finite pomsets with a total order. We will sometimes refer to a € X as
the pomset with a single point labelled a (and the obvious order); such a pomset is called primitive. A
pomset can be represented as a Hasse diagram, where nodes have labels in ¥. For instance, the Hasse
diagram for the pomset C' above is drawn in Figure [[al

To simplify notation, we refer to a pomset by the carrier U of a labelled poset (U, <y, Ay) in this
isomorphism class. We use the symbols U, V', W and X to denote pomsets. Pomsets being isomorphism
classes, the content of the carrier of the chosen representative is of very little importance; it is the order
and labelling that matters. For this reason, we tacitly assume that whenever we have two pomsets, we
pick representatives that have disjoint carrier sets.

Definition 2.2. The width of a pomset U, denoted ||U||, is the size of the largest antichain in U with
respect to <y, i.e., the maximum n € N such that there exist w1, uo,...,u, € U that are not related by
<vu.



The pomsets we work with in this paper have a finite carrier. As a result, ||U|| is always defined. For
instance, the width of the pomset C above is 2, because the nodes ({) and (i) are an antichain of size
2, and there is no antichain of size 3.

Definition 2.3. Let U and V be pomsets. The sequential composition of U and V', denoted U -V, is the
pomset (UUV, <y U <y U(U x V), A\v UAy). The parallel composition of U and V', denoted U || V, is
the pomset (U UV, <y U <y, Ay UAy). Here, Ay U Ay is the function from U UV to X that agrees with
Ay on U, and with Ay on V.

Note that 1 is the unit for both sequential and parallel composition. Sequential composition forces
the events in the left pomset to be ordered before those in the right pomset. An example, describing the
pomset C - C, is depicted in Figure [[H

Definition 2.4. The set of series-rational pomsets is the smallest set that includes the primitive pomsets
and is closed under sequential and parallel composition.

In this paper we will be mostly concerned with series-rational pomsets. For inductive reasoning about
them, it is useful to record the following lemma.

Lemma 2.5 (Gischer [3]). Let U be a series-rational pomset. Then, either (i) U = a for some a € X,
or (ii) U =V -W for series-rational V,W € Pomy., both strictly smaller than U, or (iii) U =V || W for
series-rational V,W € Pom;, both strictly smaller than U.

2.2 Pomset languages

If a sequential program can exhibit multiple traces, we can group the words that represent these traces
into a set called a language. By analogy, we can group the pomsets that represent the traces that arise
from a parallel program into a set, which we refer to as a pomset language. Pomset languages are denoted
by the symbols ¢/ and V.

For instance, suppose that the recipe for glazed cookies may has an optional fifth step where chocolate
sprinkles are spread over the cookies. In that case, there are two pomsets that describe a trace arising
from the recipe, C* and C~, either with or without the chocolate sprinkles. The pomset language
C ={C~,C"} describes the new recipe.

Definition 2.6. Let I/ be a pomset language. U has bounded width if there is n € N such that for all
U € U we have ||U|| < n. The minimal such n is the width of U, written ||U{]].

The pomset languages considered in this paper have bounded width, and hence [|U/|| is always defined.
For instance, the width of C is 2, because the width of both CT and C~ is 2.

The sequential and parallel compositions of pomsets can be lifted to pomset languages. We also define
a Kleene closure operator, similar to the one defined on languages of words.

Definition 2.7. Let &/ and V be pomset languages. We define:

UV={U-v:UeclVeVv} UIV={U|V:Uecl,VeV} u = Jur
neN

Where YUY = {1}, and U™ =U - Y™ for all n € N.

Kleene closure models indefinite repetition. For instance, if our cookie recipe has a final step “repeat
until enough cookies have been made”, the pomset language C* represents all possible traces of repetitions
of the recipe; e.g., Ct - CT . C~ € C* is the trace where first two batches of sprinkled cookies are made,
followed by one without sprinkles.

2.3 Series-rational expressions

Just like a rational expression can be used to describe a regular structure of sequential events, a series-
rational expression can be used to describe a regular structure of possibly parallel events. Series-rational
expressions are rational expressions with parallel composition.

Definition 2.8. The series-rational expressions, denoted Ty, are formed by the grammar
e,fu=0[1[acX]et+fle-fle|fle

We use the symbols d, e, f, g and h to denote series-rational expressions.



The semantics of a series-rational expression is given by a pomset language.

Definition 2.9. The function [—] : 7x — 2P°™ is defined inductively, as follows:

[0] =0

[a] = {a}
[e- £1=Tlel - [f]

[e"] = [e]”

[1] = {1}
[e+ fI=le]Ulf]
[ell fT=lel I [/

If U € 27°™= such that U = [e] for some e € Tx, then U is a series-rational language.

To illustrate, consider the pomset language C* = {C*,C _}*, which describes the possible traces aris-
ing from indefinitely repeating the cookie recipe, optionally adding chocolate sprinkles at every repetition.
We can describe the pomset language {C'~} with the series-rational expression ¢~ = prepare - (bake ||
caramelize) - glaze, and {CT} by ¢™ = ¢~ - sprinkle, which yields the series-rational expression ¢ = ¢~ + ¢
for C. By construction, [¢*] = C*.

2.4 Additive congruence

From the definition of [—], we can already see that series-rational expressions that are equal modulo as-
sociativity, commutativity and idempotence of the +-operator, as well as the unit 0, are also semantically
equivalent. We furthermore identify series-rational expressions with an empty language. We formalize
this identification by defining an congruence relation on series-rational expressions that will be useful
throughout the paper.

Definition 2.10. We define ~ as the smallest congruence on 7y such that:
e1+0~e e1+el~ep e1+ex~ex+eg e1+ (ea+e3)~(e1+e2) +es
0-e1~0 e1-0~0 0le~0 el]]0~0
When {g, hl},{¢', ]} € (7;2) such that g ~ ¢’ and h ~ k', we write {g, h[} ~ {¢’, P'[}

Thus, when we claim that e ~ ¢/, we say that e is equal to ¢/, modulo the removal or addition of
0-terms, the merging of identical terms and the reordering or re-bracketing of terms (possibly within
subterms). Moreover, congruence is sound with respect to the semantics, and it identifies all expressions
that have an empty denotational semantics.

Lemma 2.11. Lete, f € Ty. If e~ f, then [e] = [f]. Also, e = 0 if and only if [e] = 0.
Proof. Refer to Appendix [Al O

There is a simple linear time decision procedure to test whether two expressions are congruent. This
justifies our using this relation to build finite automata later on. As a by-product, we get that the
emptiness problem for series-rational expressions is linear time decidable.

3 Pomset Automata

We are now ready to describe an automaton model that recognises series-rational languages.

=
|

Definition 3.1. A pomset automaton (PA) is a tuple (Q, d,v, F) where @ is a set of states, wit -
the accepting states, 0 : Q@ x X — @ is a function called the sequential transition function, v : Q X (?) —
is a function called the parallel transition function.

Note that we do not fix an initial state. As a result, a PA does not define a single pomset language
but rather a mapping from its states to pomset languages. The language of a state is defined in terms
of a trace relation that involves the transitions of both § and 7. For the remainder of this section, we fix
aPA A=(Q,0,7,F), and a state ¢ € Q. To simplify matters later on, we assume that A has a state



1 € Q — F such that, for every a € ¥, it holds that 6(L,a) = L and, for every ¢ € (g), it holds that
~v(L,¢) = L. Such a sink state is particularly useful for ~: for a fixed ¢ € @ not all ¢ € (g) may give a
value of (g, ¢) that contributes to the language accepted by ¢. These inputs can be mapped to L by ~.
Equivalently, we can allow + to be a partial function; we chose v as a total function so as not to clutter
the definition of derivatives in Section [l

Definition 3.2. —4 C Q x Pomg X @ is the smallest relation satisfying the rules

¢ Y%, d "V, d r,rer sV s €eF
. !
q 2, 0(q,a) ¢ 2,0 q q TV, y(g, {r,sb)

We also define =4 € Q x Pomg x Q by ¢ Yy, , ¢’ if and only if ¢ = gand U = 1, or ¢ U, , ¢'. The
language of A at q € Q, denoted L4(q), is the set {U : 3¢’ € F. q¢ YUy, , ¢'}. We say that A accepts the
language U if there exists a ¢ € @ such that La(q) =U.

Intuitively, v ensures that when a process forks at state ¢ into subprocesses starting at r and s, if
each of those reaches an accepting state, then the processes can join at (g, {r, s}).

We purposefully omit the empty pomset 1 as a label in — 4; doing so would open up the possibility
of having traces of the form ¢ 1, , ¢’ with ¢ # ¢’ (i.e., “silent transitions” or “e-transitions”) for example
by defining (g, {r, s[t) = ¢’ for some r, s € F. Avoiding transitions of this kind allows us to prove claims
about — 4 by induction on the pomset size, and leverage Lemma in the process to disambiguate
between the rules that apply. By extension, we can prove claims about —»4 and L4 by treating U = 1
as a special case.

We draw a PA in a way similar to finite automata: each state (except L) is a vertex, and accepting
states are marked by a double border. To represent sequential transitions, we draw labelled edges; for
instance, in Figure [Id d(qo, prepare) = ¢1. To represent parallel transitions, we draw hyper-edges; for
instance, in Figure [Id, v(q1, {gs, ¢1}}) = g2. To avoid clutter, we do not draw either of these edges types
the target state is L. It is not hard to verify that the pomset C' of the earlier example is accepted by the
PA in Figure [Id

In principle, the state space of a PA can be infinite; we use this later on to define a PA that has all
possible series-rational expressions as states. It is however also useful to know when we can prune an
infinite PA into a finite PA while preserving some accepted languages.

Note that it is not sufficient to talk about reachable states, i.e., states that appear in the target of
some trace; we must also include states that are “meaningful” starting points for subprocesses. To do
this, we first need a handle on these starting points. Specifically, we are interested in the states where
(1) joining and forking yields a state that contributes to the behaviour of the PA, and (2) these states
may join again, because they are not the sink state. This is captured in the definition below.

Definition 3.3. The support of g, written 74(q), is the largest subset of (g) such that if {r, s} € m4(q),
then v(q, {r,s[}) # L, and r,s # L.

We can now talk about subsets of states of an automaton that are closed, in the sense that the relevant
part of a transition function has input and output confined to this set. As a result, we can confine the
structure of a given PA to a closed set.

Definition 3.4. A set of states Q' C @ is closed when the following rules are satisfied

qgeqQ’ a6 €Y qgeqQ’ ¢ emalq) qgeqQ {r, sl € ma(q)
Le@ 6(q,a) € Q' v(q,9) € Q' rseqQ

If Q' is closed, the generated sub-PA of A induced by @', denoted A [ ¢, is the tuple (Q', 0 g/, v [o/, Q' N F)
where 6 [/ and v [¢/ are the restrictions of § and v to @'

Because the relevant parts of the transition functions are preserved, it is not altogether surprising
that languages of a generated sub-PA are also languages of the original PA.

Lemma 3.5. Let Q' C Q be closed. If g € Q', then Lap,, (q) = La(q).

Proof. First, observe that 1 € La/(q) if and only if 1 € La(q), since ¢ € Q' N F if and only if ¢ € F. Now,
suppose that ¢ Y, ,, ¢'; we show that in this case ¢ U, , ¢’ follows. The proof proceeds by induction
on U. In the base, U = a € ¥, and ¢’ = 0 [¢ (¢,a). But then ¢’ = 6(q,a), and so ¢ Yy , ¢’. For the
inductive step, there are two cases to consider:



e If U =V -W with V and W smaller than U, there exists a ¢” € Q' such that ¢ Y, ,, ¢ and
q" W, , ¢ By induction, we find ¢ V, , ¢" and ¢" W, , ¢/, and thus ¢ Y, , ¢

e If U =V | W with V and W smaller than U, then there exist r,s € Q' and ', s’ € F N Q' such
that r v, ,, v’ and s W, ,, s', and ¢’ = v [q' (¢, {r,s}). By induction we find that » ¥, , +" and
s W, , s'; note that 1/, s’ € F. It then follows that ¢ Y, , v(q,{r,s}}) = ¢'.

For the other direction, suppose that ¢ Y, , ¢' and ¢ # L; we show that in this case ¢ Y, ,, ¢’ follows.
The proof proceeds by induction on U. In the base, U = a € ¥ and ¢’ = §(q,a). But then ¢’ = ¢ (g,a)
and so ¢ Y, ,, ¢'. For the inductive step, there are two cases to consider:

e If U =V -W with V and W smaller than U, there exists a ¢” € @ such that ¢ Y, , ¢"” and
q" W, , q. Since ¢’ # L, we have that ¢” # L. By induction we then find that ¢ Y, ,, ¢" (thus
q" € Q') and so again by induction ¢ W, ,, ¢’. In total, we obtain ¢ Ys ,, ¢'.

o If U=V || W with V and W smaller than U, there exist r,s € Q and 7/, s’ € F such that r V, , 7’
and s W, s, and ¢’ = v(q,{r,sl}). Since ¢" # L, it holds that {r,s} € 7ma(q), thus r,s € Q’;
also, since 7', s" € F', we know that 7’/,s" # L. By induction we find that » Y, ,, " and s W, ,, 5.
Note that, since r', s’ € F, also r,s # L, and therefore {r, s} € wa(q). We then conclude that

q Y viq (g rsh) =g, {r, s}) = ¢ 0

We now work out how to find a closed subset of states that contains a particular state. The first step
is to characterize the states reachable from ¢ by means of a trace.

Definition 3.6. The reach of ¢, written p4(q), is the smallest set satisfying the rules

¢ €palg) acX ¢ €palg)  demalg)
¢, L € palq) 6(q',a) € palq) Y(q', ) € palq)

The reach of a state is closely connected to the states that can be reached from ¢ through the trace
relation of the automaton, in the following way:

Lemma 3.7. The reach of q contains {¢’ € Q : 3U € Pom{.. ¢ YU, d'YU{L,q}. Moreover, if L is the
only state of A whose language is empty, this containment is an equality.

Proof. Refer to Appendix [Al O

Note that pa(q) is not necessarily closed: we also need the states required by the fourth rule of closure
in Definition B4l Thus, if we want to “close” pa(q) by adding the support of its contents, we need to find
finite, closed sets of states that contain branching points. In order to do this inductively, we propose the
following subclass of PAs.

Definition 3.8. We say that A is fork-acyclic if there exists a fork hierarchy, which is a strict order
<4 C @ x @ such that the following rules are satisfied.

{|T,S|} € 7TA((]) a€X r=<a 6(%0’) ¢ S ﬂ-A(q) T <A ’7(q’¢)
s <44 r=<a4q r=<A449

The fork hierarchy is connected with the reach of a state in the following way.
Lemma 3.9. Let ¢',r € Q. If A is fork-acyclic, ¢ € pa(q) andr <4 ¢, then T <4 q.

Proof. The proof proceeds by induction on the construction of p4(g). In the base, either ¢/ = qor ¢’ = L.
In the former case, the claim holds vacuously.

The latter case can be excluded, since none of the rules for a fork hierarchy mandate that » <4 L
should hold: the first rule does not apply since 74 (L) is empty, and the second and third rules do not
apply because 6(L,a) = L and y(L,¢) = L.

For the inductive step, there are two cases to consider.

o If ¢ = 4(¢",a) for some ¢ € pa(q) and a € X, then we know that r <4 ¢’ by definition of < 4.
But then r <4 ¢ by induction.

o If ¢ =~(q", ) for some ¢"” € pa(q) and ¢ € ma(q"), then we know that r <4 ¢” by definition of
< 4. But then r <4 ¢ by induction. [l



The term fork-acyclic has been used in literature for similar automata [14 [6]. However, in op. cit., it
is defined in terms of the traces that arise from the transition structure of the automaton. In contrast,
our definition is purely syntactic: it imposes an order on states such that a forks cannot be nested. To
show that, as in [I4], our definition similarly implies languages of the PA have bounded width, we present
the following lemma. Since the state space of a PA can be infinite, we additionally require that the fork
hierarchy is well-founded.

Lemma 3.10. If A is fork-acyclic and < 4 is well-founded then La(q) is of finite width.

Proof. 1f ¢ € Q, let ny € N be the lowest upper bound on the length of a descending chain starting at g,
ie., if ri,7re,...,m € Q are such that r;1 <4 rg <4 -+ <4 ', <4 ¢, then m < n,. Such an n, exists
uniquely, for <4 is well-founded. We strengthen our claim as follows: if ¢ € Q, then ||La(q)|| < 2"s.

It suffices to show that if ¢’ € Q and U € Pomy. are such that ¢ Y., q and ¢ # L, then [|U]| < 2",
The proof proceeds by nested induction. The outer induction is on ny; here, we assume the claim holds for
all r € Q with n, < ny (note that this implicitly covers the base, where n, = 0). The inner induction is
on U. In the base of the inner induction, U = a € ¥ and the claim holds immediately, for |ja| =1 < 2™,

For the inductive step of the inner induction, there are two cases to consider.

o If U=V W, with V and W smaller than U, then there exists a ¢ € @Q such that ¢ ¥, , ¢" and
q" W, q. Since ¢" # L, we know that ¢ # L as well. Therefore, we know by the (inner and
outer) induction hypothesis that ||V|] < 2™e. Furthermore, since ¢” € pa(q) by Lemma B.7 we
know that ¢ <4 ¢ by Lemma B.9] therefore nys < ng. Thus, by the (inner) induction hypothesis,
it follows that that ||W] < 2™’ . But then ||U| = max(|V]|, |[W]) < max(2",2m") = 2" ag well.

e If U =V || W, with V and W smaller than U, then there exist r,s € @Q and 1/, s’ € F such that
rV,,r and s W, s'. By the outer induction hypothesis, we know that ||[V|| < ||[La(r)| < 2"
and |[W| < ||[La(s)]] < 2"s. Furthermore, since ¢’,r,s # L, we know that {r, s} € wa(q), thus
7,5 <4 q and therefore ng,n, < n,. We then derive

[N = V] + W] < 2% 427 < 2. gmsxtnene) = gmaxtuena) 1 < gn
This completes the proof. O

We introduce the notion of a bounded PA, which is sufficient to guarantee the existence of a closed,
finite subset containing a given state, even when the PA has infinitely many states.

Definition 3.11. If A is fork-acyclic, we say that it is bounded if <4 is well-founded, and for all ¢ € @,
both m4(q) and pa(q) are finite.

Theorem 3.12. If A is bounded, there exists a finite set of states Qq C Q that is closed and contains q.

Proof. The proof proceeds by < 4-induction; this is sound, because <4 is well-founded.

Suppose the claim holds for all » € Q with r <4 ¢. If ¢ € pa(q) and {r, s} € wa(¢'), then r <4 ¢
and thus r <4 ¢ by Lemma B9 by induction we obtain for every such r a finite set of states @, C @
that is closed in A and contains . We choose:

Qq = pa(@) U Q- : ¢ € pala), {r.sh € mald)}

This set is finite because pa(q) and m4(q') are finite for all ¢,¢' € @Q since A is bounded. To see that
Qq is closed in A, it suffices to show that the last rule of closure holds for ¢’ € pa(q); it does, since if
q € pa(q) and {r, s|} € ma(¢’), then r € Q, and s € Qs, thus r, s € Q. O

3.1 Lock-step traces

Note that while the transition functions of a PA are deterministic in that their output is a single state
rather than a set of states, the transition relation of a PA A = (@, d,~, F') should not be thought of as
deterministic. In particular, if ¢ Yy , ¢’ and ¢ Y , ¢”, then ¢’ = ¢ does not hold in general. For instance,
consider the case where y(q, {71, s1}) = ¢’ and (g, {72, s2}) = ¢” and furthermore s; Y, , s € F' and
so YV, sheFaswellasry W, ri € Fandro W, , v} € F. Here, ¢ VIV, ¢ and ¢ VIV, ¢ but ¢
and ¢” may not be equal.

When working with traces in a PA, it is may be useful to be able to relate traces of the same pomset
in the presence of this kind of determinism. To this end, we introduce the notion of lock-step traces.
Intuitively, lock-step traces prevent the counterexample discussed above by requiring that the application
of the third rule must use the same starting states in the construction of both traces.



Definition 3.13. Let A = (Q, 6,7, F) be a PA and let U € Pomy.. Suppose that g Y, qrand g2 Yy, g5;
these traces are in lock-step if one of the following is true:

(i) U = a for some a € ¥

U=V -W, for Vand W smaller than U, and there ex1st qi,q5 € such that ¢; V ¢! and
1 2 —A 11
@Y, A ¢4 are in lock step, as well as ¢ ”; ¢y and ¢5 W, ¢y

(ili) U=V || W, for V and W smaller than U, and there exist r,s € Q and 7/, s" € F such that r V, +’
and s W, ¢, as well as ¢] = v(q1, {r, s}}) and ¢, = (g2, {r, s}).

It is easy to see that “being in lock-step” is an equivalence relation on traces.
The lemma below observes that traces that are in lock-step do enjoy determinism.

Lemma 3.14. Let A = (Q,6,v,F) be a PA and let q,q},¢5 € Q and U € Pom{. If g Y, ., ¢ and
q Y, , g5 are in lock-step, then ¢y = q5.

Proof. The proof proceeds by induction on U. If U = a € X, then ¢} = 6(¢,a) and ¢5 = d(q,a), and so
the claim follows.
For the inductive step, there are two cases to consider.

o If U V - W with V and W smaller than U, then there ex1st q1 , 44 € @ such that ¢ _>A q] and
q Y, gy are in lock- step, as well as ¢f W, , ¢y and ¢5 W, , ¢5. By induction, ¢i = ¢3, and thus
again by induction ¢} = gj.

e If U =V || W with V and W smaller than U, then there exist 7,s € Q and ', s’ € F such that
rVor and S W, ¢, and ¢; = (¢, {r, s[}) and ¢5 = ~v(q, {r, s}}). The claim then follows. O

4 Expressions to automata

We now turn our attention to the task of translating a series-rational expression e into a PA that accepts
[e]. We employ Brzozowski’s method [2] to construct a single syntactic PA where every series-rational
expression is a state accepting exactly its denotational semantics. To this end we must define which
expressions are accepting, and how the sequential and parallel transition functions (derivatives, in Brzo-
zowski’s vocabulary) transform states.

We start with the accepting states. In Brzozowski’s original construction, a state is accepting if the
denotational semantics of its expression includes the empty word. Analogously, our accepting terms are
the terms whose denotational semantics includes the empty pomset.

Definition 4.1. We define the set Fx; to be the smallest subset of Ty, satisfying the rules:

GGFE f€7-2 e,fGFE eafEFE 667-2
1€ Fy e+ f,f+eeFxy e-f,f-e€Fx el f.flleeFs e’ € Iy

It is not hard to see that e € Fy, if and only if 1 € [e]. We use ex f as a shorthand for f if e € Fy, and
0 € Tx otherwise. Let £ be an equation, we write [£] as a shorthand for 1 € 7y if € holds, and 0 € Ty
otherwise. We now define sequential and parallel derivatives:

Definition 4.2. We define the functions dy : Ty X ¥ — Ty and g : Ty X ( ) — Tsy as follows:

05(0,a) =0 v5(0,¢) =0
Ix(l,a) =0 vs(1,¢) =0
n(b,a) = [a = b] 72(b,¢) =0
52(€+f,a) dx(e, )+52(f7 a) 72(6+f,¢):7 (e, )+72(f,¢)
In(e-fia) =dz(e;a)- f+exdn(f,a)  asle-f,9) =s(e, ) f+exyn(f,9)
n(e |l f,a) = exds(f,a) + f*dx(e;a) 72(6 I f, ¢)=1¢ 2%]6 fﬂ]+e*72(f ¢) + fxs(e, ¢)
dn(e”,a) = dx(e,a) - €’ Tn(e” ¢) =1z(e, @) -e



The definition of dx; coincides with Brzozowski’s derivative on rational expressions. The definition of
~y mimics the definition of dy on non-parallel terms except b € X.

The definition of vx on parallel terms includes (in the first term) the possibility that the starting
states provided to the parallel transition function are (congruent to) the operands of the parallel, in
which case the target join state is the accepting state 1. The other two terms (as well as the definition
of dx; on a parallel term) account for the fact that if 1 € [e], then [f] C [e || f]- Since we do not allow
traces labelled with the empty pomset, traces that originate from these operands are thus lifted to the
composition when necessary.

Definition 4.3. The syntactic PA is the PA Ay, = (Ts, 0x,7s, Fx).

We use Ly as a shorthand for La,,, and =y (—»x) as a shorthand for —4,, (—»4y)-
The remainder of this section is devoted to showing that if e € Ty, then Ly (e) = [e].

4.1 Traces of congruent states

In the analysis of the syntactic trace relation —y, we often encounter sums of terms. To work with
these terms, it is often useful to identify sums that are the same modulo associativity, commutativity,
idempotence and 0-unit of +. In this section, we establish that such an identification is in fact sound, in
the sense that if two expressions are related by ~, then the languages accepted by the states representing
those expressions are also identical.

In the first step towards this goal, we show that Fy; is well-defined with respect to ~.

Lemma 4.4. Let e, f € Tx be such that e ~ f. Then e € Fyx, if and only if f € Fx.

Proof. Refer to Appendix [Al O
Also, 0y, and vy are well-defined with respect to ~, in the following sense:

Lemma 4.5. Lete, f € Ty, such thate ~ f. Ifa € &, then dx(e,a) ~ 6x(f,a). Moreover, if ¢ = {g,h[} €

(7;2) with g,h # 0, then vs(e,d) ~vs(f, ¢), and if Y € (7;2) with ¢ ~ 1, then ys(e, ¢) = vy=(e, ).

Proof. Refer to Appendix [Al O
With these lemmas in hand, we can show that ~ is a “bisimulation” with respect to —y.

Lemma 4.6. Let e, f € Tx be such that e ~ f. If e U, €, then there exists an f' € T such that
U flande ~ f.

Proof. The proof proceeds by induction on U. In the base, U = a € 3. But then ¢ = dxn(e,a). If we
choose f' = dx(f,a), we find that f U, f" and ¢’ ~ f' by Lemma H5
For the inductive step, there are two cases to consider.

o If U =V -W with V and W smaller than U, there exists an ¢” € Tx such that e V.. €’ and
e’ W, €. By induction, we find an f” € Tx such that f Y, f” and e” ~ f”. Again by induction,
we find f’ € Tx such that f” W, f" and €’ ~ f'. This means that f Y, f" with ¢’ ~ f’.

e If U =V || W with V and W smaller than U, there exist g,h € Ty and ¢’,h’ € Fx such that
g Vs, g and h W, b/, and e’ = ys(e,{g,h]}). Note that, in this case, g,h # 0 by Lemma &7
(which will be proved shortly). If we choose f’ = yx=(f,{g,hl}) we find that f U, f" with ¢’ ~ f
by Lemma O

Let I be a finite set, and let (e;);.; be an I-indexed family of terms. In the sequel, we sometimes abuse
notation and treat ) . ; e; as a term, where the e; are summed in some arbitrary order or bracketing.
The lemmas above guarantee that the precise choice of representing this sum as a term makes no matter
with regard to the traces allowed.



4.2 Trace deconstruction

We proceed with a series of lemmas that characterise reachable states in the syntactic PA. More precisely,
we show that expressions of reachable states can be written as sums, each term of which is related to
a trace of a subexpression of the starting state. For this reason, we refer to these observations as trace
deconstruction lemmas: they deconstruct a trace into traces of “smaller” expressions. The purpose of
these lemmas is twofold; in Section 4.4} they are used to characterise the languages of expressions as they
appear in the syntactic PA; while in Section they allow us to bound the reach of an expression.

We start by analysing the traces that originate in base terms, such as 0, 1, or a € X.

Lemma 4.7. Let e,e’ € Ty and U € Pomy, such that e U, Ife€{0,1}, then ¢ = 0. Furthermore,
ife=>beX, then either e’ =1 and U = b, or e’ = 0.

Proof. The proof of the first claim proceeds by induction on U. In the base, U = a € X, and ¢ =
0x(e,a) = 0, thus the claim holds.
For the inductive step, there are two cases to consider.

o If U=V W, with V and W smaller than U, then there exists an e’ € Tx such that e V., ¢ and
e” W, €. By induction, e” = 0, and thus again by induction e’ = 0.

o If U=V | W, with V and W smaller than U, then there exist f,g € Tx and f’, ¢’ € Fx, such that
Vs, ffand g W, ¢, and furthermore ¢’ = y=(e, {f, g[}) = 0.

The proof of the second claim also proceeds by induction on U. In the base, U = a € ¥. Then
e/ =ds(b,a). If a = b, then €' = 1, otherwise €’ = 0; thus the claim holds.
For the inductive step, there are two cases to consider.

o If U=V W with V and W smaller than U, then there exists an ¢” € Tx. such that b V.. " and
e W, ¢. By induction, either V' = b and ¢” =1, or ¢” = 0. In either case, ¢/ = 0 by the first
claim.

e If U=V | W with V and W smaller than U, then there exist f,g € Tx and f’, ¢’ € Fx such that
Voo ffand ¢ W, ¢, and ¢’ = yx(e, {f,g}}) = 0. The claim thus holds immediately. O

Note, however, that the first claim above does not imply that 0 and 1 are indistinguishable as far as
traces are concerned, for 0 € Fx, while 1 € Fy.

We also consider the traces that originate in a sum of terms. The intuition here is that the input is
processed by both terms simultaneously, and thus the target state must be the sum of the states that are
the result of processing the input for to each term individually.

Lemma 4.8. Let e1,e2 € T and U € Pomg. If er + ey YUy €, then there exist e}, ey € Ts such that

r_ / U / U /
e =ej+ey ande; Ysy el and ex Yy es.

Proof. The proof proceeds by induction on U. In the base, U = a € ¥, and ¢ = dxn(e1 + e2,a) =
Ox(e1,a) + dx(e2,a). We can then choose €] = dx(e1,a) and e}, = dxn(e2,a) to validate the claim.
For the inductive step, there are two cases to consider.

o If U=V -W with V and W smaller than U, then there exists an ¢ € Tx such that e; + ey Y, €’
and ¢” W.. ¢/. By induction, we find ef,ej € Tx such that ¢’ = ef + ej, and e; Y, e and
ez Y,y ej. Again by induction, we find e/, e, € Tx such that e’ = e} +e5, and ef W, ¢} and
ey W e5. In conclusion, we find that e; Y,y e} and ex Uy, es.

e If U =V || W, with V and W smaller than U, then there exist f,g € Ty such that ¢/ = ys(e; +
e, 17,9 = vs(e, 47, g) + v=(e2, {f,g[}), and furthermore there exist f’,¢’ € Fy such that

J Yo ffand g W, g’. We can choose e} = ys(e1,{f,g[}) and e5 = ys(e2, {f, g}) to validate the
claim. |

We now consider the traces starting in a state that is a sequential composition. The intuition here is
that the syntactic PA must first proceed through the left operand, before it can proceed to process the
right operand. Thus, either the pomset is processed by the left operand entirely, or we should be able to
split the pomset in two sequential parts: the first part is processed by the left operand, and the second
by the right operand.
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Lemma 4.9. Let ej,eo € T, and U € Pomg be such that e - ex Ysy, f. There exist an f' € Ts and
a finite set I, as well as I-indeved families of terms (f;),c; € Fx and (fi);c; € Ts and of pomsets
(U));e; € Poms and (U;),.; € Pomy., such that:

o fflreatd o fiander Yy ff
o foralliel, e U_l{»z fi»ea Yis fi, and U = U - Us.

Proof. The proof proceeds by induction on U. In the base, U = a € X, and f = dxn(e; - €2,a). If on the
one hand e; ¢ F, then f ~ dx(e,a) - ea; we choose f' = dx(e1,a) and I = (). If on the other hand
e1 € Fyy, then f ~ dxn(e1,a) - ea + dn(e2,a); we choose f' = dx(e1,a), I = {x}, fl = e1, f« = dx(es,a),
U, =1 and U, = U. In either case, our choices validate the claim.

For the inductive step, we consider two cases.

o If U =V W, with V and W smaller than U, then there exists a g such that e; - ez Y, g and
g W, f. By induction, we obtain a ¢’ € 7x and a finite set .J, as well as J-indexed families of
terms (gé‘)je.] € Fy and (g;);c; € Ts and of pomsets (Vj’)jeJ € Pomg and (V;),; € Pomi:, such
that

—g~g e +Zj€.]gj and e; Y, ¢

—forallj€J, e Yy gl es Yigy gy and V =V/- V.
By Lemma and g ~ ¢ - es + ZjeJ gi, as well as Lemma 8 and g W, f, there exist h € Tx
and a J-indexed family of terms (d;),.; € T such that f ~h+3 .. ;d;, g'-e2 W, h and for all
Jj€J,also g; W, dj.

Since g'-ea W, h, we can find (again by induction) an i’ € Tx, and a finite set K (without loss of

generality, disjoint from J) and K-indexed families of terms (h),), ., € Fx and (hi),cx € Ts and

of pomsets (W), € Pomy and (Wy), ¢ € Pom; such that
—h~h e+ cxheandg W . n
—forallk € K, g’ Wiy hip, es Wi, hy and W = Wy, - W

We now choose I = JU K, and f’ = h’. Furthermore, we choose I-indexed families of terms
(fD)ier € Fe and (fi);c; € Tx and of pomsets (U),.; € Pomy and (U;),.; € Pomy, as follows:

= g, ielJ - d; 1€J — 1% ieJ U — Vi W ieJ
Y\ ieK "\ i€K VW ieK o\ ws i€ K

2

It remains to verify the requirements on our choices one by one. For the first claim, we can derive

fzh—l—Zdjzh'-ez-f—th—i—zdj’lfl'@-i-z:fi

JjeJ keK JjeJ iel

Furthermore, since e; V.., ¢ and ¢ W, h’, we have that e; Y, h' = f’. For the second claim,
let us fix an ¢ € I. Suppose first that ¢ € J, then:

— e Viwzgg, thus e; Ui;;z 1!
— ez Vi, o g and g; W d;, thus ex Uiy f;
— U U=V VW=V -W=U.

Secondly, suppose that i € K, then:

—e1 Yyo g and ¢ Wi,”E R}, thus e; Ui,;}E 1!
— €9 Ki_)z hi, thus €9 E)E fi
UL U=V - W Wi=V-W=U.

All requirements are thus validated for our choices in this case.
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o If U =V || W, then there exist g,h € Tx and ¢/, h’ € Fx such that ¢ Y., ¢’ and h W, I/, and
we know that f = yx(e1 - ea,{g, h[}). If on the one hand e; & Fx, then f ~ ys(e1, {g, h}) - e2; we
choose ' = vs(e1,{g1, 92[}) and I = . If on the other hand e; € Fx, then f ~ vs(e1,{g,h[) - e2 +

vs(e2, {9, hlt); we choose f' = vs(e1, {g1,92}) and I =1, as well as f; = e1, fi = ys(e2, {91, 92]),
U, =1and U, =U. In both cases, our choices validate the claim. O

The next deconstruction lemma concerns traces originating in a parallel composition. Intuitively, the
syntactic PA either processes parallel components of the pomset, or processes according to one operand,
provided that the other operand allows immediate acceptance.

Lemma 4.10. Ife; || e2 Yy f, then there exist fi, f2, f3 € Ts, such that

o f=fitfotf3
e cither fi =0, ores € Fx and ey Yy fi
o cither fo =0, ore; € Fx and ez Yy, fo

e cither f3 =0, or f3 =1 and there exist €], e} € Ts, and f1, f5 € Fx, and U1,Us € PomJEr such that
e1~ej and ey ~ ey and U =Uy || Uy and ¢ Yiys, f and ey Y2, f5.

Proof. The proof proceeds by induction on U. In the base, U = a € ¥. Now, choose fo = e1 x dn(e2, a)
and f; = ez * dn(e1,a). We also choose f3 = 0. It is easy to validate that the claim holds for these
choices.

For the inductive step, there are two cases to consider.

o If U=V W with V and W smaller than U, then there exists a g € Tx such that e; || e2 Yy g
and g W, f. By induction, we obtain g1, g2, g3 such that:

—9~g1+92+g3

— either g1 =0, or ez € Fy and e; Yy, g1

— either go = 0, or e; € Fx and ez Y, 9o

— either g5 = 0, or g3 = 1 and there exist e],e, € Ty and ¢},g5 € Fy and V4,15 € PomJEr such
that e; ~ ¢} and ex ~ e and V =V || V2 and €} Y1, g7 and ej Y2, g5.

By g ~ g1 + g2 + g3 and Lemma 6] as well as g W, .. f and Lemma B8, we obtain f1, f2, f3 € T
such that f ~ f1 + fo + f3, and g1 Wy f1, g2 Wy, fo and g3 W, f3. We now validate the
remaining claims. First, note that if g; = 0 for all ¢ € {1,2,3}, then f; = 0 by Lemma 7 As to
the remaining possibilities:

— If g1 #0, then e; € Fy and by e; Y\, g1 and g1 W, f1 we conclude that e; Y, fi.

— If go # 0, then e; € Fy and by ez Y\, go and go W, fo we conclude that ex Y, fo.

— If g3 # 0, then g3 = 1 and we conclude that f3 = 0 by Lemma [£71

e If U=V | W with V and W smaller than U, then there exist g,h € T and ¢’, ' € Fx such that

[ =ns(e1 ] e2, {g,h}),and g Vi ¢’ € Fx and h W, h' € Fx. We choose f1 = ea xys(e1, {g, hl})
and fo = e1 * yxn(e2, {g, h[}). Furthermore, we set f3 = [{e1,ealt = {g, h}]. It is now easy to see
that f ~ f1 + fo + f3. We validate the remaining claims.

— If ea € Fy, then f; = 0. Otherwise, e; € Fx and ey Yy, vs(e1, {g, h]}) = f1.

— If ey ¢ Fy, then fo = 0. Otherwise, e; € Fx and ex Y, yx(ea, {g, h[}) = fo.

— If {e1, ea} # {g, h[}, then f3 = 0. Otherwise, assume (without loss of generality) that e; ~ ¢
and e ~ h; we can choose ¢] = g and e}, = h, f| = ¢’ € Fx and f = I/ € Fx, as well as
Uy =V € Pom{, and U = W € Pom{ to find that g U, f{ and h Uz, f}. O

Finally, we analyse the reachable states of an expression of the form e*. The intuition here is that,
starting in e*, the PA can process traces originating in e indefinitely. The trace should thus be sequentially
decomposable, with each component the label of a trace originating in e. Furthermore, all but the last
target state of these traces should be accepting.
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Lemma 4.11. Ife* Y, f, then there exists a finite set I and an I-indexed family of finite sets (J;);c;,
as well as I-indexed families of terms (fi);c; € Ts and of pomsets (Uy),o; € Pomg, and for alli € I also
Ji-indezed families of terms (fi»j>j€.]i € Fy, and of pomsets (Um-)jeJi € Pomi, such that f ~ Yicr five’,
and for alli € I:

e c ﬂ)z fz
e for all j € J; we have that e UW';E fij
o U =U, U, where U] is some concatenation of all U; ; for all j € J;.

Proof. The proof proceeds by induction on U. In the base, U = a € X, and so f = dxn(e*,a) = dx(e,a)-e*.
We can choose I = {*}, J, = () and U, = a to validate the claim.
For the inductive step, we consider two cases.

o If U =V -W, with V and W smaller than U, there exists a g such that e* V,. gand g W.., f. Since
the remainder of this part of the proof is somewhat involved, we begin by outlining our strategy.
First, we deconstruct the trace e* V.. g, by induction. Then we deconstruct the trace g W, f,
making use of the fact that g can be seen a sum of the form found in the claim, i.e., where each
term is of the form ¢’ - e*, and thus (by Lemma [J]) f can be seen as a sum of terms f’ such that
g e W f'. We then leverage Lemma B9 to deconstruct each of the latter traces. In the end, we
have a big cache of variables, which we use to construct the families of terms and pomsets required
by the claim. Since we will be dealing with a fair number of index sets, we tacitly assume (without
loss of generality) that of them are disjoint.

As for the proof, consider the trace e* V... g. By induction, we obtain a finite set I’ and an
I'-indexed family of finite sets (J{),.;,, as well as I'-indexed families of terms (g;);c;, € 7= and

pomsets (V;);,.;, € Pomy, and for all i € I’ also J{-indexed families of terms (9i4)jc 0 € Fx and

pomsets (Viaj)jeﬂ € Pomy,, such that g ~ > icr gi-€*, and for all i € I'":

- € &Z 9i
— for all j € J/ we have that e Yis, o g; ; € Fy

— V =V/.V;, where V/ is some concatenation of V; ; for all j € J/.

By the fact that g ~ .., g; - " and by Lemma &G, as well as g W,.. f and Lemma A8, we
find an I’-indexed family of terms (h;);c;, € Ts such that f ~ Y., h;, and for all i € I" also
gi-e* W h;. Then, by Lemma 9] we find for all i € I’ a term b} and finite set K; as well as K;-

indexed families of terms (h; ) € Iy and (hik),eg, € Ts and of pomsets (W] € Pomy,

keK; Z1k)k€Ki

and (Wi»k>k€K- € Pomg, such that

— h; ~ h; et + ZkEKi hi,k and gi K}E h;
— forall k € K, g; ﬁ»z ;7;“ e Ki—)g hijk and W =W, - W.

By induction and since for all i € I’ and k € K; we have that e* Wi, h;y, we obtain for this i

and k a finite set L; ;, and an L; p-indexed family of finite sets (Mivkvf)eeLv REE well as L; p-indexed

families of terms (hiﬁkl)éeLi,k € Tx, and of pomsets (Wiﬁkl)eeLi,k € Pomi, and for all £ € L;  also
M, 1 -indexed families of terms (hiﬁkl,m)meMi,k,[ € Fx and of pomsets (Vi g ¢.m) , € Pomy,

such that hijk ~ > e hike-e*, and for all £ € L;y:

7716]\41'7&Y

Wik
— e ik, - hi,k,é

— for all m € M, ;¢ we have that e Wiv’“v"'vm';z Riko.m

- W, = Wz’/,k,l - Wi k¢, where Wz’/,k,l is some concatenation of W i ¢, for m € M, i ¢.
We are now ready to choose the required (families of) sets, terms and pomsets, as follows:

- I = I/+Uk€Ki Li,k
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— for all 4 € I, we set

7= J! iel fi= h iel
L My piU{x} i€ Ly, keKy f hi ks 1€ Ly, ke Ky

where x; is a “fresh” symbol not in any index set. We furthermore choose

U — Vi-W iel
L Wi’,k,i ieLi’,k,k/’eKi/

— foralli € I and j € J;, we set

fig=q Py 1E€Lip k€K, j=x
hit kyij %€ Ly, k€ Ky, j 7 %

and furthermore

Vi iel jeJ
Ui,j = ‘/,L-/ . W// 'L & Li/,k7k e Ki/;j = %,

3

Wi kij 1€ Lyg ke Ky, j# %

It remains to check the requirements on our choices.

— One easily verifies that

fNZhiNZ<h;~e*+Zhiﬁk>Nz h;~e*+z Zhiﬁkﬁpe* QZwae*

iel’ iel’ i€K; iel’ k€K, LEL; } iel

— If ¢ € I, there are two cases to consider.
* If i € I, then since e Vi, g; and g; W, hj, we find that e Ui, fi.
« If i € Ly i for some s’ € I’ and k € K, then since e Wi"’“’im hir ki we find that e Yi, o f;.
— Ifi € I and j € J;, there are three cases to consider.
x If ¢ € I’ and j € J/, then since e Lm gi,;, we find that e Lm fij-
« Ifi € Ly, for somed’ € I'and k € K/, and j = #;, then since e Lz gi and g; Wi/’”E hgﬁk’
we find that e Y, f; ;.
x If i € Ly for some ¢/ € I' and k € Ky, and j # #; (thus j € My 1), then since
e Wi/'k’i'j>z hi/,k,i,j we ﬁnd that [ Uid}g fi,j-
— If i € I, there are two cases to consider.

« If ¢ € I’, then V = V/ - V;, where V/ is some concatenation of V; ; for all j € J;. But then
we can choose U] = V/ as a concatenation of U, ; for all j € J;, to find that U/ - U; =
VIV W=V -W=U.

« If 4 € Ly for all i’ € I’ and k € Ky, then we know that there exists a pomset WZ-',JM-
which is a concatenation of Wy 1 ; m for all m € My i ;, such that Wz’/,” Wi ki = W
We can then choose U] =V - Wj, - W}, , , as a concatenation of U; ; with j € J;, and find
that U, - Uy = V- Wi - Wiy, - Wago = V- W, - W =V -W =T.

o If U =V || W, then there exist g,h € Ts and ¢',h' € Ty such that g V.. ¢’ and h W, 1/, and
J.=10

f=s(e*,{g,hl}) = vs(e, {g, hl}) - e*. In this case, we choose I = {x}, and and U, =U to
find that the claims are validated. |
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4.3 Trace construction

In the above, we learned how to deconstruct traces in the syntactic PA. To verify that the syntactic PA
indeed accepts any series-rational pomset language, we also need to show the reverse, that is, how to
construct traces in the syntactic PA from smaller traces. In this context it is often useful to work with
the preorder obtained from ~.

Definition 4.12. The relation < C Ty x Ty is defined by e < f if and only if e + f ~ f.

The intuition to e < f is that e consists of one or more terms that also appear in f, up to ~.
In analogy to Lemma [£6] we show that < is a “simulation” with respect to traces.

Lemma 4.13. Let e,e’, f € T be such that e S f. If e YUy, €', then there exists an f' € Ts such that
[ Y fand e < f'. Furthermore, if e € Fx, then f € Fyx.

Proof. We prove the first claim by induction on U. In the base, U = a € ¥ and ¢’ = dxn(e,a). Note that
ds(e,a)+0s(f,a) = ds(e+ f,a) ~ ds(f,a) by Lemma 3l We choose ' = d=(f,a) to find that f U, f’
with e/ = dxn(e,a) < os(f,a) = f'.

For the inductive step, there are two cases to consider.

o If U =V -W with V and W smaller than U, then there exists an e’ such that e YV, ¢” and
e W, ¢. By induction, we find an f” € Tx such that f V.. f” and ¢” < f”, and again by
induction we find an f’ € Ty such that f” W, f" with ¢’ < f’. In total, we know that e Y, f
with e/ < f/.

e If U =V || W with V and W smaller than U, then there exist g,h € Ty, and ¢',h’ € Fx such
that g V.. ¢’ and h W, h’ and €' = (e, {g,h}). Note that vs(e, {g,hl}}) + v=(f, {9, h]}) =
ysle+f,{g,hl}) = vs(f, {9, hl}) by LemmalEil We choose f' = v=(f,{g,h|}) to find that f U, f’
with €' = ys(e, ¢) < 1=(f, ¢) = f".

For the second claim, suppose that e € F;, then also e+ f € Fx. But then f € Fx by Lemma@4 O

The following lemma tells us that we can create a trace labelled with the concatenation of the labels
of two smaller traces, and starting in the sequential composition of the original starting states, provided
that the first trace ends in an accepting state. Furthermore, the target state of the newly constructed
trace contains the target state of the second trace. We also prove two auxiliary claims towards this end,
which will be useful later on.

Lemma 4.14. Let ey, eo, f1,fo € Ty and U,V € PomJZr be such that ey Y, f1 and ea Y, fa. The
following hold:

o There exists an f € Ts, such that ey - eg E)z: f with f1-ea2 < f.
o If f1 € I, then there exists an f € Ts such that f1-ex Yy f with fo < f.
o If f1 € Iy, then there exists an f € Ts such that ey - ea Y-V f with fo < f.

Proof. The proof of the first claim proceeds by induction on U. In the base, U = a € ¥ and f1 = dxn(e1, a).
We choose f = ds(e1 - e2,a). It is now easy to show that e; -ea YU, f with fi-ex < f.
For the inductive step, there are two cases to consider.

o If U =W X with W and X smaller than U, there exists a g; such that e; &2 g1 and g1 Lz f1-
By induction, we obtain g € Ty such that e; - ea W, g with g1 - e2 < ¢g. Again by induction, we
find h € Tx such that g1 - e X, h with fi - ez S h. By Lemma T3, we then know that g W, f
for some f with h < f. In total, we find that e; - ex Uy, f with fi-ex S f (by transitivity of <).

e If U =W || X with W and X smaller than U, there exist g,h € Tx and ¢’,h/ € Fx such that
g W g and h X, I/, and f1 = y=(e1, {g, h[}). We choose f = y=(e1 - e2,{g, h[}). It is now easy
to show that ey - ex YUyy, f with fi-ex S f.

The proof of the second claim proceeds by induction on V. In the base, V =a € ¥ and f2 = dx(ez, a).
We can then choose f = ds(f1 - e2,a). It is now easy to show that fi-es Vg, f with fo S f.
For the inductive step, there are two cases to consider.
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o If V=W .- X with W and X smaller than V, there exists a g» € Ty such that e; W, g5 and
g2 X, fo. By induction, there exists a g € T, such that fi-ea W, g with go < g. By Lemma B3]
we find f such that g X, f with fo < f, and thus fi -es Vs, f.

o If V =W | X with W and X smaller than V', there exist g,h € Ty and ¢’,h’ € Fx such that
g W g and h X, 1/ and fo = yx(es, {g, h[}). We can then choose f = ys(f1 - e2, {g, h}). It is
now easy to show that fi-es Vs f with fo < f.

The third claim is a direct consequence of the first two claims and Lemma [A.T3] O

We can also construct traces that start in a parallel composition. One way is to construct traces that
start in each operand and reach an accepting state; we obtain a trace in their parallel composition almost
trivially. If one of the operands is accepting, we can also construct a single trace that starts in the other
operand and obtain a trace with the same label starting in the parallel construction. In both cases, we
describe the target of the new trace using <.

Lemma 4.15. Let ey, eq € Ty. The following hold:

e If f1, fo € Fx and U,V € Pom{; are such that e, Yo [ and ea Vs, fo, then there exists an f € Ts
such that ey || ea VIV, f with 1 < f.

o Ifey € Fyy (respectively e; € Fx), and f' € Ty, and U € Pomy are such that e; Y [ (respectively
ez Uss, f'), then there exists an f € Ts such that ey || e2 Ysg, f with f' < f.
Proof. For the first claim, choose f = vs;(e1 || €2, {e1, e2[}). We then immediately find that e; || eo Y1V,
fwith 1< f.
For the second claim, the proof proceeds by induction on U. In the base, U = a € ¥ and f; = dx(ey, a).
Choose f = dx(e1 || e2,a). It is then easy to see that ey || ex Usy, f with fi S f.
In the inductive step, there are two cases to consider.

o If U=V W with V and W smaller than U, there exists a g; such that e; V.., g1 and g1 W, f1.
By induction, we find g € Tx such that e; || e2 Vs, g with g1 < g. By Lemma ET3, we find f € Tx
such that g W, fand f1 < f. In total, we have that e; || e2 Yy f with f1 < f.

e If U =V || W with V and W smaller than U, there exist g,h € Ty and ¢’,h’ € Fy such that
g Y. g and h W, b/, and fi = ys(e1, {g, h[}). We choose f = ys(e1 || e2,{g,h]}). It is now easy
to see that ey || ex Y,y f with fi < f. O

Lastly, we present a trace construction lemma to obtain traces originating in expressions of the form
e*. The idea here is that, given a finite number of traces that originate in e, where all (but possibly one)
have an accepting state as their target, we can construct a trace originating in e*, with a concatenation
of the labels of the input traces as its label.

Lemma 4.16. Let e, f1, fa,..., fn € T (with n > 0) be such that fi, fo,..., fn_1 € Fx. Also, let
UU,,Us,...,U, € Pomér be such that U = Uy - Uy ---Up. If for all i < n it holds that e Ui, f;, then
there exists an f € T, such that e* Y, f, with f,-e* < f.

Proof. First, we show that the claim holds for n = 1, ie., if e, fi1 € Ty and U € Pom; are such that
e Y, fi, then there exists an f € Tx such that e* U, f, with f;-e* < f. The proof proceeds by
induction on U. In the base, U = a € ¥ and f1 = dxn(e, a). We choose f = dx(e*,a) = dxn(e,a)-e* = f1-e*
to find that e* Y, f with f;-e* < f.

For the inductive step, there are two cases to consider.

e If U =V W with Vand W smaller than U, there exists a g1 € Ts such that e Y, g; and
g1 W, fi. By induction, we find g € Tx such that e* Y, g with g1 - €* < ¢g. By Lemma ET4, we
find h € Tx such that g; -e* W, h, with fi-e* < h. By Lemma T3, we find f such that g W, f
with o < f. In total, we have that e* YU, f with f -e* < f.

e If U =V || W with V and W smaller than U, there exist g,h € Ty and ¢’,h’ € Fy such that
g Y. g,and h W, 1/, and f1 = yx(e, {g, h[}). In this case, we choose f = ys(e*, {g,hl}) to find
that e* Y, f with f;-e* S f.
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We now inductively extend the claim to all n > 0, using the proof above as our base. In the inductive
step, we assume the claim holds for n — 1, and try to prove it for n. Let U' = Uy - Uy---U,_1. By
induction, we obtain g € Ty such that e* U—,>z g with f,_1 - e* < g. Furthermore, by the previous
observation, we find h € Ty such that e* UYn,o h with f, -e* < h. By Lemma AT4] and the fact that
fn-1 € Fx, we find d € Ty such that f,_1-¢e* &%z d with h < d. By the fact that f,—1-e* < g and
fno1-e* Yno d, we find f € Tx such that g Un, o f with d < f. In total, we have that e* U, f with
fne"ShSdSf. O

4.4 Soundness for the syntactic PA

With trace deconstruction and construction lemmas in our toolbox, we are ready to show that the
syntactic PA indeed captures series-rational languages.

First, note that Ly, can be seen as a function from 7y, to Pomy, like [—]. To establish equality between
Ly, and [—]), we first show that Ly enjoys the same homomorphic equalities as those in the definition of
the semantic map, i.e., that Lx(e) can be expressed in terms of Ly applied to subexpressions of e. The
proofs of the equalities below follow a similar pattern: for the inclusion from left to right we use trace
deconstruction lemmas to obtain traces for the component expressions, while for the inclusion from right
to left we use trace construction lemmas to build traces for the composed expressions given the traces of
the component expressions. We treat the case for the empty pomset separately almost everywhere.

Lemma 4.17. Let e1,es € Ty, and a € X. The following equalities hold:

Ly(0) = 0 (1)
Ly(1) = {1} (2)
Ly(a) = {a} (3)
Ly(e1 +e2) = Ly(e1) U Ly (e2) ()
Lys(e1-e2) = Ly(e1) - Lx(e2) (5)
Ly(e1 || e2) = Lx(e1) || Lx(e2) (6)
Ly(e7) = Ly(er)" (7)

Proof. For (), suppose that U € Lx(0). Then there exists an f € Fx such that 0 Yy, f. Since 0 € F¥x,
we know that f # 0, and so 0 Y, f must hold. But then, by Lemma 7 we know that f = 0, which is
a contradiction. We conclude that Lx(0) = 0.

For (@), suppose that U € Lx(1). Then there exists an f € Fy such that 1 Yy, f. Then either f =1
and U = 1, or U € Pomy and 1 Y.y, f. The former case is possible (since 1 € Fy), but in the latter
case we find that f/ = 0 by Lemma 7] and so f ¢ Fyx — a contradiction. In conclusion, we find that
U =1, and thus U € {1}. The other inclusion is easy: simply observe that 1 1. 1 by definition of —x,
implying that 1 € Ly(1).

For (B), suppose that U € Lx(a). Then there exists an f € Fx such that a Yy, f. Then either f =a
and U = 1, or U € Pom{ and a U, f. We can rule out the former case, as it implies that f =a € Fx —
a contradiction. In the latter case, we find by Lemma [£.7] that either U = a and f =1, or f = 0. Since
the latter again contradicts that f € Fy, we find that U = a; we thus conclude that U € {a}. The other
inclusion is easy: simply observe that a 4, 1 by definition of —x, and thus a 2y, 1, implying that
a € Ly (a)

For (@), suppose that U € Lx(e1 4 e2). Then there exists an f € Fy such that e; +ex Yy f. If
f =e1+ e and U = 1, then either e; € Fx or e; € Fyx. In either case, it follows quite easily that
U € Lx(e1) U Ls(e2). Otherwise, ey +e2 Yss, f. But then, by Lemma ES, we know that f = f1 + fo,
such that e; Y, f1 and ez Y,y fo. Since f € Fx, either fi € Fx or fy € Fy, and therefore U € Lx(e1)
or U € Lx(ez); either way, U € Ly(e1) U Lx(e2).

To prove the other inclusion, suppose that U € Lx(e;) U Lx(ez2). If U € Lx(e1), then there exists an
f1 € Fx, such that ey i»z: fi- U =1 and f; = e, then e; € Fy; and therefore e; 4+ e5 € Fy; it follows
that U € Lx(e; + e2). Otherwise, ey Y, f1, and so by Lemma T3] and the fact that e; S eq + ez
we find f € Tx such that e; +ex Uy, f with fi < fo. By Lemma T3, f € Fy, and so it follows that
U € Ly(e1 + e2). The case where U € Ly (es) is similar.

For (&), suppose that U € Lx/(e1 - e2). Then there exists an f € Fy such that e;-ex YUy o f. IfU =1
and f = ej - eg, then ey - e € Fy, and thus eq, e € Fx,. Therefore 1 € Ly(e1) and 1 € Ly(es), implying
that 1 =1-1 € Lx(e1) - Lx(ez2). Otherwise, e1 - ea Uss, f. Then, by Lemma B3] there exists an f' € Tx
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and a finite set I, as well as I-indexed families of terms (f;),.; € Fx and (fi);c; € T and of pomsets
(U{)ig € Pomy and (Ui)iel € 7Ty, such that:

L4 f2f1'62+zi€[fi,€1 E—)Ef/
; U, / U; ) — 17 )
o foralli eI, er Ziys, fl, ea Yiyo fiand U = U; - U;.

Since f € Fx, also f'-ea+>_,.; fi € Fx by Lemma[Z4l This means that either f’-es € Fy, or f; € Fx for
some i € I. In the former case, f’,es € Fx, and therefore U € Lx(e;) and 1 € Ly(es), thus U =U -1 €
Lyx(e1) - Lx(e2). In the latter case, U] € Lx(e1) and U; € Lx(es), thus U = U] - U; € Lx(e1) - Lx(e2).

To prove the other inclusion, suppose that U € Ly(e1) - Lx(e2). Then U = Uy - Us, with Uy € Ly (e1)
and Us € Ly(e2). There are four cases to consider.

e If Uy =1 and Uy = 1, then e, es € Fx,, and therefore e - e € Fx,. Thus 1 € Ly(e; - e2).

e If Uy = 1 and Us # 1, then e; € Fy and e; Y2, fy for some fo € Fy. Then, by Lemma B4
e1-epx Y20 f for some f € Ty with fo < f. By Lemma T3, f € Fx, and thus U = Uz € Lx(e1 -e2).

o If Uy # 1 and Us = 1, then e; Y, f; for some f; € Fx, and es € Fx. Then, by Lemma ET4]
e1-ey Ui f for some f € Tx with f1-ex S f. Since fi,es € Fy, also fi -es € Fx, and thus by
Lemma LT3 f € Fy. Therefore U = Uy € Ly (e - e3).

o If Uy # 1 and Uy # 1, then e; Ui, f1 and ey Yz, f5 for some f1, fo € Fx. Then, by Lemma ET4]
we find that e; - ez Uy, f with fo < f. By Lemma T3] f € Fx, and thus U € Lx(ey - e2).

For (@), suppose that U € Lx(ep || e2). Then there exists an f € Fy such that ey || ea Yy f. If
f=e1] eaand U = 1, then ej,es € Fy, and thus 1 € Ly(e;) and 1 € Ly(ez). But then 1 =11 1 €
Ls(e1) || Le(ez2). Otherwise, e; || e2 Yy, f for some f € Fy. By Lemma ET0, we obtain fi, fa, f3 € Iy
such that

o ffit+ fat s
e cither f; =0, 0re; € Fx and e; YUy, f1
e cither fo =0, 0re; € Fx and ez Ui, fo

e cither f3 =0, or f3 = 1 and there exist €},e, € Ty and f], f4 € Fy and Uy, Us € Pomy. such that
e1 ~ ey and ex ~ ey and U = U, || Uz and €] Ui, f] and e Y2, f.

By Lemma T3] f1+ fo+ f3 € Fx, and thus fi; € Fx or fo € Fx or f3 € Fx. In the first case, U € Ly(e1)
and 1 € Lxy(ez), and therefore U = U || 1 € Lx(ey) || Lx(ez). In the second case, we similarly find that
U € Ly(e1) || Le(ez). In the last case, we find by Lemma and Lemma [L4] f{', f4 € Fx such that
e1 Yy, f and ez Yy, f, and thus we have that U = U; || Uz such that U; € Lx(e1) and Uz € Lx(e2),
therefore U € Lx(e1) || Lx(e2).

To prove the other inclusion, suppose that U € Lx(e;) || Le(e2). Then U = Uy || Uz. There are four
cases to consider.

e If Uy =1 and Uy =1, then e1,es € Fx, thus e; || e2 € Fx. But then U =1 € Ly(ey || e2).

o If Uy =1 and Us # 1, then ex U2, fo for some fo € Fx. By Lemma ET5, we find an f € Tx such
that ey || e2 Yy, f with fo < f. But then, by Lemma T3] f € Fy, and thus U € Lx(e1 || e2).

e If Uy #1 and Us = 1, then we find that U € Ly(e; || e2) by an argument similar to the above case.

o If Uy # 1 and Uy # 1, then e; Yi, o, f1 and ey Y2, fo for some fi, fo € Fx. By Lemma ET5] we
find an f € Tx such that e; || ez Ysy, f with 1 < f. But then, by Lemma ET3, f € Fy, and thus
U e Lz(el || 62).

For (@), suppose that U € Lx(e]). Then there exists an f € Fx such that e] Yy f. If f = €]
and U = 1, then 1 € Ly(e1)". Otherwise, e; Y.y, f. By Lemma ETI we find a finite set I and an
I-indexed family of finite sets (J;),.; as well as I[-indexed families of terms (f;),.; € 7= and of pomsets
(Ui);er € Pomy, and for all i € I also J;-indexed families of terms (fi.) ;e , and of pomsets (Ui ;)
such that f~3",_; fi-e*, and for alli € I

JEJ:?
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e c ﬂ}g fi
e for all j € J; we have that e UW’}E fij
e U = U] - U, where U/ is some concatenation of all U, ; for all j € J;.

By Lemma T3, we know that Y., fi - ¢* € Fy, and thus f; - ¢* € Fy for some i € I, meaning in
particular that f; € Fy for this i € I. Now U; ; € Lx(e) for all j € J, and thus U; € Lx(e)”. Since also
U; € Lx(e), we find that U = U] - U; € Lx(e)” - Ly(e) C Lx(e)”.

To prove the other inclusion, suppose that U € Lx(e)*. Then U € Lx(e)", ie., U = Uy - Uy -+ Up,
such that for all 1 < i < n we have U; € Lx(e). Assume (without loss of generality) that U; # 1 for
all 1 <i<n. Ifn=0,then U =1 and we find that U € Lx(e*) immediately. Otherwise, there exist
fi, f2,. .., fn € Fx such that e Ui, f;. By Lemma T8 we find f € 7x such that e* Y, f with f, < f.
But then f € Fx, by Lemma 13} and thus U € Lx(e*). O

It is now easy to establish that the Brzozowski construction for the syntactic PA is sound with respect
to the denotational semantics of series-rational expressions.

Theorem 4.18. Let e € Tx,. Then Lx(e) = [e].

Proof. The proof proceeds by induction on e. In the base, e = 0, e = 1 or e = a for some a € . In
all cases, Lx(e) = [e] by Lemma I7 For the inductive step, there are four cases to consider: either
e=ej+ey, e=e1-ea, e=c¢e1 | eaore=el. Inall cases, the claim follows from the induction hypothesis
and the definition of [—], combined with Lemma ET7 O

4.5 Bounding the syntactic PA

Ideally, we would like to obtain a single PA with finitely many states that recognizes [e] for a given e € Tx.
Unfortunately, the syntactic PA is not bounded, and thus Theorem does not apply. For instance,
the requirement that px(e) be finite for e € Tx fails; consider the family of distinct terms (e, ), oy defined
by eg = 1-a* and e,41 = 0-a* + e, for n € N; it is not hard to show that e, € pxn(a*) for n € N, and thus
conclude that px(a*) is infinite. We remedy this problem by quotienting the state space of the syntactic
PA by congruence.

In what follows, we write [e] for the congruence class of e € Ty, modulo ~, i.e., the set of all ¢’ € Ty,
such that e ~ ¢’. We furthermore write Qy for the set of all congruence classes of expressions in Ty. We
now leverage Lemma to define a transition structure on Os;.

Definition 4.19. We define d~ : Oy x ¥ — Oy and 7~ : Qs x (%) — Oy, as

[0] f~0o0rg~0

5:([6], a) = [52(6, G)] 72([6]5 {I[f]a [g”}) = {[’72(6 {Ig hl})] otherwise

Furthermore, the set F~ is defined to be {[e] : e € Fx}. The quotiented syntactic PA is the PA AL =
<QZ)5E)’YZ;FE>-

Lemma 4.20. 6~ and v~, as well as F~, are well-defined.

Proof. The proof for §~ and v~ follows from Lemma The proof for Fr. follows from Lemma 4l O

Just like for the syntactic PA, we abbreviate subscripts, for example by writing —~ rather than
— 4., and L~ rather than L4_. Of course, we also want the quotiented syntactic PA to accept the same
languages as the syntactic PA. To that end, we show that the trace relations of the syntactic PA and the
quotiented syntactic PA correspond.

Lemma 4.21. Let e, f € Ty and U € Pom{,. Ife Yy f, then [e] Yy [f]. If [e] Ys_ [f], then there
exists an f € Ts with f ~ f" and e Y, f'.

Proof. Refer to Appendix [Al O
Theorem 4.22. Let e € Tx.. Then Lx(e) = L~([e]).

Proof. By definition, e € Fy, if and only if [e] € F~. It then follows that 1 € Lx(e) if and only if
1 € L~([e]). The remaining cases are covered by Lemma [L.21] O
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Corollary 4.23. The state [0] is the only state in the quotiented syntactic PA with an empty language.

Proof. Let [e] € Qx, be a state such that L~([e]) = 0. Then, by Theorem 22 we know that Lx(e) = 0,
and by Theorem 18 [e] = @. But then e ~ 0 by Lemma 2.TT] and thus [e] = [0]. O

To show that the quotiented syntactic PA is bounded, we construct a strict order < on Qs that
satisfies the rules of Definition 3.8

Definition 4.24. Let e € Tx. The parallel depth of e, denoted (e), is defined to be 0 when e ~ 0, and
otherwise:

(1) =0 (a) =1 (e1 + ea) = max((er]), (ez2))

(e1 - e2) = max((er]), (e2)) (e1 [l e2) = max((er), (e2)) +1 (er) = (er)

It is easy to show that the parallel depth of an expression is also well-defined on the congruence classes
of ~. This allows us to define the desired strict order on Os;.

Lemma 4.25. Let e,e’ € Ts be such that e ~¢'. Then (e]) = (€')).
Proof. Refer to Appendix [Al O
Definition 4.26. The relation < C Oy, x Oy is such that [e¢] < [f] if and only if (e]) < (f))-
As it turns out, < is the desired fork hierarchy.
Lemma 4.27. The quotiented syntactic PA is fork-acyclic, with fork hierarchy <.

Proof. We need to show that < satisfies the conditions of Definition 3.8

For the first rule, we begin by showing that if g, h,e € Tx such that e, g, h % 0 and vs(e, {g, h[}) # 0,
then (g)) < (e). The proof proceeds by induction on e. In the base, e = 1 or e = a; in both cases,
¥s(e,{g,h}) = 0 and so the claim holds vacuously. For the inductive step, there are four cases to
consider.

o If e = €1 + eg, then yu(e, {g,h}) = s(er, {g,h}) + vx(e2, {g,h}) # 0, thus ym(er,{g,hl}) #
0 or ys(ea, {g,h[}) # 0. Therefore, by induction (g)) < (e1]) or (g) < (ez]), and thus (g) <

max((le1), (eal)) = (e)-

o If e = ey - ey, then yn(e, {g, ) = yu(e1, {g,h}) - €2 + €1 x y=(e2, {9, Al) # 0, thus yx(e1, {g, h) #
0 or vs(ea,{g,h]}) # 0. Therefore, by induction (g)) < (e1]) or (g) < (ez)), and thus (g) <
max((e1]), (e2) = (e).

o If e = ey || ez, then ys(e, {g, h]}) = [{g, hl} = {e1, e2l}] + e2 x v (e1, {g, hl}) + e1 x y=(e2, {g, h[}) # 0.
If {lg, hl} = {e1, e2}] # 0, we know that {g, h[} = {le1, e2]}. Assume without loss of generality that

e1 = g; then (g) = (e1) < max((e1]), (e2)) +1 = (e)). If ys(e1,{g, hl}) # 0, then by induction
(g) < (e1) < max((e1]), (ez2))) + 1. The case where vys(e2, {g, h[}) 2 0 is similar.

o If e = e}, then vyx(e, {g,h}) = vs(e1,{g,h}) - e # 0 and therefore s (e, {g, h[}) % 0. But then
(g) < (e1) = (e) by induction.

To fully validate the first rule, suppose that {[g], [R]} € 7~([e]). Then e, g, h % 0 and v~ ([e], {[g], [F][}) #
[0] and thus vs(e, {g,h[}) £ 0. But then we find that (g|) < (e|) by the above, and therefore [g] < [e].
For the second rule, we first show that if « € ¥ and e € Ty, then (dn(e,a)) < (e]). If e ~ 0, then
(0s(e,a)]) = (ds(0,a))) = (0) =0 < (0) = (e). The proof of the remaining cases proceeds by induction
on e. In the base, e =1 or e = a. In both cases, (dx(e,a)) =0 < (e).
For the inductive step, there are four cases to consider.

e If e = e + €3, then we can derive
(0s(e,a)) = (dx(e1,a) + dx(e2, a)) = max((dx(e1,a)) , (dn(e2, a))) < max((e1), (e2)) = (e])
e If e = ey - eo, then we can derive

(s(e,a)) = (ds(e1,a) - e + e1 * dx(ez2,a)
< max((dz(er,a)), (e2) , (9n(e2, a)))
< max((e1]), (e2))) = (e)
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o If e = e1 || €2, then we can derive

(0n(e,a)]) = (ea *x dx(e1,a) + e1 * In(ea, a))
< max((ds(e1,a)), (0s(e2, a)))
< max((e1), (e2)) = (er || e2))

o If e = €], then we can derive
(9s(e;a)) = (ds(er,a) - e1) < max((dx(e1, a))), (er)) < (e)

Thus, suppose that [f] < d~([e],a) = [ds(e,a)]. Then [f] < [e], since we can derive that (f]) <
(ds(e,a)) < (e).

For the third rule, one also first shows that for e € Ty, and ¢ € (7;2) we have that (ys(e, @))) < (e).
One can then extend this to show that if [f] < v~([e], #), also [f] < [e] using the same technique as
above. g

We now investigate the reach and support of a state in the quotiented syntactic PA, using the decon-
struction lemmas showed in Section [£2] as well as Lemma 211

Lemma 4.28. Let e € Ts. Then p~([e]) and w~([e]) are finite.

Proof. We first claim that Ryx/(e) is finite up to ~, i.e., that the set {[f]: f € Rx(e)} is finite. The proof
of this claim proceeds by induction on e. In the base, there are three cases to consider.

e Ife=0ande Y, f, then f =0 by Lemma LT it follows that Rx(e) is finite.
e Ife=1ande Y, f, then f =0 by Lemma LT it follows that Rx(e) is finite.
e If e =a for some a € &, then f =0 or f =1 by Lemma 7 Tt follows that Rx(e) is finite.

In all cases, we find that Ry (e) is finite, and therefore finite up to ~.

For the inductive step, there are four cases to consider. In each case our strategy is to write an
arbitrary element of Ryx(e) into a sum of a number of terms. If we can then show that there are only
finitely many choices for each term up to =, it follows that there are only finitely many such sums up
to ~. Note that the number of terms does not matter, since repeated terms in a sum do not make a
difference with respect to ~ by virtue of the idempotence rule.

o If e =e1 + ey and f € Rx(e), then by Lemma L8 there exist f1 € Rx(e1) and fo € Rx(e2) such
that f ~ f1 + fa. Since Rx(e1) and Rx(ez) are finite up to ~ by induction, it follows that Rx(e) is
finite up to ~.

e Ife =e;-e3 and f € Rx(e), then by Lemma LI there exists an f' € Rx(e1)U{e1} and a finite set [
and an I-indexed set of terms (f;);.; € Rx(e2) such that f ~ f"-eas+ 3", ; fi. Since Rx(e1)U{e1}
and Ry (e2) are finite up to ~ by induction, it follows that Rsx/(e) is finite up to ~.

e Ife=-¢ || e2 and f € Rx(e), then by Lemma [T there exist f; € Rx(e1)U{0}, f2 € Rx(e2) U{0}
and f3 € {0,1} such that f ~ f;+ fa+ f3. Since Rx(e1) and Rx(e2) are finite up to ~ by induction,
it follows that Rx(e) is finite up to ~.

o If e =¢} and f € Rx(e), then by Lemma [L.1T] there exists a finite set I and an I-indexed family of
terms (f;);c; € Rx(e1) such that f~ 3", fi-e*. Since Rx(e;) is finite up to ~ by induction, it
follows that Rx(e) is finite up to ~.

Since p~(e) = R~([e]) U{]e], [0]} by Lemma B.7 and Corollary 23] it suffices to show that R~ ([e]) is
finite. This is an immediate consequence of Lemma 21| and the above.

We now treat the claim about 7~([e]). First, we claim that there are finitely many ¢ € (7;2) up to ~
such that vs (e, ¢) % 0. This is shown by induction on e. In the base, e =0, e = 1 or e = q; in all cases,
we find that vs (e, ¢) = 0 for ¢ € (7;2) For the inductive step, there are four cases; in each case, we apply

Lemma ET7

e Suppose e = ej + e2. By induction, there are finitely many ¢ up to ~ such that ys(ey,¢) % 0 or
vs(e2, @) # 0. Thus, there are finitely many ¢ € (7;2) up to ~ such that vn(e, ) = ys(e1,¢) +
= (627 ¢) ;ﬁ 0.
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e Suppose e = e - e5. By induction, there are ﬁmtely many ¢ up to ~ such that ys(e;,é) %2 0 or
vs(ea, ®) # 0. Thus, there are finitely many ¢ € ( Z) up to ~ such that ys(e, ¢) = yn(e1, @) - ea +

€1 *72(627 ) ;ﬁ 0.
e Suppose e = e; || e2. By induction, there are finitely many ¢ up to ~ such that ys(e1, ) % 0 or

vs(e2, @) # 0. Furthermore, there is exactly one ¢ up to ~ such that ¢ ~ {le, es}. Thus, there are
finitely many ¢ € (T ) up to =~ such that ys (e, ¢) = [¢p ~ {e1, eal}] +eaxys(e1, d)+e1xvs(e2, @) £ 0.

e Suppose e = e;. By induction, there are finitely many ¢ up to ~ such that ys(e1,¢) % 0. Thus,
there are finitely many ¢ € (7;2) up to ~ such that ys(e, ¢) = ys(e1, ) - e #£ 0.

The proof that that m~([e]) is finite, i.e., that there are finitely many ¢ € (QE) such that y~([e], ¢) # [0]
is now an immediate consequence of the above. O

Theorem 4.29. The quotiented syntactic PA is bounded.

Proof. By Lemma[Z27] we know that A~ is fork-acyclic. Furthermore, < is well-founded by construction:
every term has finite depth. By Lemma .28 we know that p~([e]) and 7~ ([e]) are finite for all [e] € Osx.
All requirements are now validated. O

Since the quotiented syntactic PA is bounded, it restricts to a finite PA for any expression.
Corollary 4.30. Let e € Tx.. There exists a finite PA A, that accepts [e].

Proof. Consider the quotiented syntactic PA A~. By Theorem and Theorem 418 we know that
L~([e]) = Ls(e) = [e]. By Theorem £29] A~ is bounded, and therefore (by Theorem BI2) we can
construct a finite and closed set Q). such that [e] € Q.. We now choose A, = A~ [g, and g = [¢] to find
that La,(q) = L~([e]) = [e] by Lemma BH O

5 Automata to expressions

To associate with every state ¢ in a bounded PA A = (Q,4,~, F) a series-rational expression e, such
that [eq,] = La(gq), we modify the procedure for associating a regular expression with a state in a
finite automaton described in [10]. The modification consists of adding parallel terms to the expression
associated with ¢ whenever a fork in ¢ contributes to its language, i.e., whenever {r, s} € w4 (q).

In view of the special treatment of 1 in the semantics of PAs, it is convenient to first define expressions
e with the property that [ef ] = La(g) —{1}; then we can define e, by e, = e} +[q € F]. The definition
of e+ proceeds by induction on the well-founded partial order < 4 associated with a bounded PA. That
is, When defining e} we assume the existence of expressmns e for all ¢’ € @ such that ¢’ <4 g¢.

First, however we shall define auxiliary expressions e for suitable choices of Q' C Q and of ¢, ¢' € Q.
Intuitively, e / denotes the pomset language Characterlzmg all paths from ¢ to ¢’ with all intermediate
states in Q’; e;’ can then be defined as the summation of all eqq,( 9 with ¢ € FNpa(q).

Definition 5.1. Let Q' be a finite subset of @, and assume that for all » € Q such that r <4 g for some
q € Q' there exists a series-rational expression e, € TE such that [ef ] = La(q) — {1}. For all Q" C @’

and ¢,q' € Q’, we define a series-rational expression e by induction on the size of Q”, as follows:
1. If Q" = 0, then let 3 be the set {a € X:q¢ =6(¢q,a)}, and let @ be the set {¢ € ma(q) : v(¢,0) = ¢'}.
We define .
G -ar ¥ et
a€s  {rsheq
2. Otherwise, we choose a ¢” € Q" and define

Q" _ —{d"} ”—{Q”}
€ag = eqq/ + e (

Q" —{q" Q" —{q"
eq//q//{ })* . eq//q/ (a7} .

Note that e and e, appearing in the first clause of the definition of qu(;,, , exist by assumption, for
by fork—acyclicity we have that r,s <4 ¢ € Q.
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Theorem 5.2. Let Q' be a finite subset of Q cmd assume that for all r € Q such that r <4 q for some
q € Q' there exists a series-rational expression e} € Tg with [ef] = La(q) — {1}. For all q,q' € Q’, for
all Q" C Q', and for all U € Pomz, we have that q Y, , ¢ according to some path that only visits states

in Q" if, and only if, U € [eg,/ﬂ.
Proof. We prove the implication from left to right with induction on the size of Q".

Suppose that ¢ Y, , ¢ according to some path through A that only visits states in Q"”. Then there
exist n > 1, qo,qn € Q, q1,- - ,qn_1 € Q" and Uy,...,U, € Pomy. such that U = U; --- U, and

qg=qo Yy qn U2, - Unz1 g,y Uny g, =¢

Furthermore, for all 1 < i < n, either U; = a for some a € ¥ and ¢; = §(¢i—1,a), or U; = V; | W;
for some V;,W; € Pomy. and there are r;,s; € Q and 7}, s, € F such that r; Yigori, s; Wiy si and

27 9% 17

qi = Y(qi—1,{ri, si}). We distinguish cases according to whether n =1 or n > 1.

e If n = 1, then we distinguish cases according to whether Uy = a or Uy = V; || Wi. In the first
case, we have that ¢’ = d(q,a), so U = U; = a € [[egq,ﬂ

N

[[quq/,/ ]] In the second case, we

have that there exist r,s’ € @ and 1’/,s" € F such that ¢’ = v(q,{r,s}), r Y1, v’ and s Y1, &
Hence Vi € La(r) — {1} and Wy € La(s) — {1}. Furthermore by fork-acyclicity we have that
7,8 <A ¢, SO there exist series-rational expressions e, el € Ty such that [e;f] = La(r) — {1} and
[ef] = La(s)—{1}. It follows that V; € [e}] and W; € [el], and hence V; || Wy € [e)f || eF]. We

conclude that U = Uy = Vi | Wy € [e, [ < [e$/].

e If n > 1. Then, clearly, Q" is non-empty; let ¢’ € Q". Furtherrnore let I={0<i<n:q=4q"}
If I = (), then by the induction hypothesis we have that U € [[ _{q }ﬂ [[eg;]].

Otherwise, suppose that I # (), say I = {iy,...,ix} with 43 < --- < ig. Then, by the induction

hypothesis, Uj;41---Ui;, € [[eq/:;;{ N}ﬂ for all 1 < j < k. Moreover, also by the induction

hypothesis, Uy ---U;, € [[ _{qu}ﬂ and U;, 41---Up € [ /://_{q”}]] Hence,
U e [[ Q —{ }'(egqu{q })* . e?/q,—{q }]] C H:ef]?q’ﬂ

We prove the implication from right to left also with induction on the size of Q”. Suppose that

U e [ ﬂ If Q” = 0, then, considering the structure of effq/,/ , there are two cases:

e If U = a for some a € ¥ such that ¢’ = d(g, a), then, clearly, ¢ Y, ¢'.

e If there exist r,s € Q and V,W € Pomy; such that {r,s} € 7a(q), ¢ = v(q,{r,s}), U=V || W,
V € [ef], and W € [ef], then (by the premise) there exist 7/, s’ € F such that r V, v’ and s W, ¢'.
Hence, ¢ Y, ¢'.

Otherwise, suppose that )" is non-empty, and let ¢” € Q. Then, again considering the structure of e qq/// ,
there are two cases:

o IfU € [ - }]] then by the induction hypothesis ¢ Y, ¢'.

o IfU [ —{d"} (eg:;{q”}) eq,:;, {d }ﬂ then there exist U’, Uy, ... U, (n > 0) and U” such that

U=U"Up- Uy U U € e, 0 e (e forall 1 i <ny and U7 € e 007,
By the induction hypothesis, it follows that ¢ Uy ¢” U1, ... Un, ¢” U", ¢, according to a serres
of paths that only visit states in Q" — {¢"”}, with the intermediate states of these paths all ¢”. We
thus conclude that ¢ U, ¢’ according to some path that only visits states in Q" O

"

Using the auxiliary series-rational expressions efq,, we can now associate series-rational expressions
eqef € Ts with every ¢ € Q, defining ef by ef = > epa(@nF eZ;‘,(q) and e, = e} + [¢ € F]. Note that
q € pa(q) and, by Lemma B9 for all ¢ € @ such that ¢’ <4 ¢” for some ¢” € pa(q) we have ¢’ <4 ¢,
and hence there exists, by induction, a series-rational expression ey € Tx such that [eq ] = La(q’). So

the expressions ep 4(2) are, indeed, defined in Definition 511

Corollary 5.3. For every state q € Q we have [ef | = La(q) — {1} and [e,] = La(q).
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6 Discussion

Another automaton formalism for pomsets, branching automata, was proposed by Lodaya and Weil [13]
14]. Branching automata define the states where parallelism can start (fork) or end (join) in two relations;
pomset automata condense this information in a single function. Lodaya and Weil also provided a
translation of CKA expressions to branching automata, based on Thompson’s construction [16], which
relies on the fact that their automata encode transitions non-deterministically, i.e., as relations. Our
translation, in contrast, is based on Brzozowski’s construction [2], and directly constructs transition
functions from the expressions. Lastly, their translation of branching automata to CKA expressions is
only sound for a semantically restricted class of automata, whereas our restriction is syntactic.

Jipsen and Moshier [7] provided an alternative formulation of the automata proposed by Lodaya and
WEeil, confusingly also called branching automata. Their method to encode parallelism in these branching
automata is conceptually dual to pomset automata: branching automata distinguish based on the target
states of traces to determine the join state, whereas pomset automata distinguish based on the origin
states of traces. The translations of CKA expressions to branching automata and vice versa suffer from
the same shortcomings as those by Lodaya and Weil. Specifically, the translation of expressions to
automata similarly relied on non-determinism, and the translation from automata to expressions only
worked for definition of language that was semantically restricted along the same lines as the semantic
restriction put on (the earlier definition of) branching automata by Lodaya and Weil.

7 Further work

We plan to extend our results to CKA semantics in terms of downward-closed pomset languages, i.e., sets
of pomsets that are closed under Gischer’s subsumption order [3]. Such an extension would correspond to
adding the weak exchange law (which relates sequential and parallel compositions) to the axioms of CKA.
We conjecture that our construction can be generalized to show the same correspondence between this
semantics of series-rational expressions and pomset automata (i.e., without changes to the automaton
model), just like Struth and Laurence suspect that the downward-closed semantics of series-parallel
expressions can be captured by their non-downward closed semantics.

A classic result by Kozen [9] axiomatizes rational expressions using Kleene’s theorem [8] and the
uniqueness of minimal finite automata. It would be interesting to see if the same technique can be used
(based on pomset automata) to axiomatize series-rational expressions. Although an axiomatization of
series-rational expressions was recently published [12], this proof does not rely on an automaton model.
As such, it cannot be extended to axiomatize CKA with respect to the downward-closed semantics if the
above conjecture holds.

Brzozowski derivatives for classic rational expressions induce a coalgebra on rational expressions that
corresponds to a finite automaton. We aim to study series-rational expressions coalgebraically. The first
step would be to find the coalgebraic analogue of pomset automata such that language acceptance is
characterized by the homomorphism into the final coalgebra. Ideally, such a view of pomset automata
would give rise to a decision procedure for equivalence of series-rational expressions based on coalgebraic
bisimulation-up-to [15].

Rational expressions can be extended with tests to reason about imperative programs equationally [T1].
In the same vein, one can extend series-rational expressions with tests [6] [7] to reason about parallel
imperative programs equationally. We are particularly interested in employing such an extension to
extend the network specification language NetKAT [I] with primitives for concurrency so as to model
and reason about concurrency within networks.
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Proofs of auxiliary lemmas

Lemma 2.11. Lete, f € Ty. If e~ f, then [e] = [f]. Also, e = 0 if and only if [e] = 0.

Proof. The proof of the first claim proceeds by induction on the construction of ~. In the base, there

are

nine cases to consider.

e If ¢ = f, then the claim follows immediately.

Ife=f+0,then [e] = [fJU[0] =[f]U0=[f].

If e = f+ f, then [e] = [f]U[f] = [f].

If e= g1+ g2 and f = g2 + g1, then [e] = [g1] U [g2] = [92] U [91] = [f].

If e = g1+ (92+9s) and f = (91+92) +g3, then [e] = [g1]U([g2] Ulgs]) = ([g1] Ug2]) U gs] = [£]-
e Ife=0-¢; and f =0, then [e] = [0] - [e1] = 0 = [f]-

Ife=-e;-0and f =0, then [e] = [e1] - [0] =0 = [f].
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e Ife=01 e and f =0, then [e] =[0] || [er] =0 = [f].

e Ife=¢; ||0and f =0, then [e] = [ei] || [0] =0 = [f].

For the inductive step, there are six cases to consider.

e If e ~ f because e ~ g and g ~ f, then [e] = [¢] and [¢] = [f] by induction, thus [e] = [f].
e If e ~ f because f ~ e, then [f] = [e] by induction, and thus [e] = [f].

o If e >~ f because e = e; + €3 and f = f; + fo with e; ~ f; and es ~ f5, then we know that
[e1] = [f1] and [e2] = [f2] by induction. But then [e] = [e1] U [e2] = [f1] U [f2] = [f]-

e If e~ f because e = e1-eg and f = f1 - fo with e; ~ f1 and e3 ~ fo, then we know that [e1] = [f1]
and [es]] = [f2] by induction. But then [e] = [e1] - [e2] = [f1] - [f2] = [f]-

o If e ~ f because e = e;1 || ex and f = f1 || fo with e; ~ f; and es ~ fs, then we know that

[ex] = [f1] and [e2] = [f2] by induction. But then [e] = [ei] || [e2] = [f1] | [f2] = [

o If e ~ f because e = e} and f = f; with e; ~ f1, then we know that [[e1] = [f1] by induction. But
then [e] = [er]" = [A]" = [£]-

We now prove the second claim. For the direction from left to right, note that [e] = [0] = @ by
Lemma 2T1l The direction from right to left proceeds by induction on e. In the base, e = 0 and thus
e ~ 0 by reflexivity. For the inductive step, there are three cases to consider.

e If e = e + e, then [e]] = [e1] U [ea] = 0, therefore [e;1] = @ and [e2] = @. But then, by induction,
we have that e; ~ 0 and e ~ 0. We then know that e = e; + e3>~ 04+ 0~ 0.

o If e = ey - eg, then [e] = [e1] - [e2] = 0, therefore [e1] = @ or [e2] = 0. But then, by induction, we
have that e; ~ 0 or e5 ~ 0. In either case, it follows that e = e - e3 >~ 0.

o If e = ey || e2, then [e]] = [e1] || [e2] = @, therefore [e;] = 0 or [ez] = 0. But then, by induction,
we have that e; ~ 0 or ea ~ 0. In either case, it follows that e = e; || e2 ~ 0. [l

Lemma 3.7. The reach of q contains {¢’ € Q : 3U € Pom{.. ¢ YU d'YU{L,q}. Moreover, if L is the
only state of A whose language is empty, this containment is an equality.

Proof. We write Ra(q) = {¢’ € Q : 3U € Pom.. ¢ U, d'})

Suppose that ¢ € Ra(q) U {q, L}. If ¢ € {q, L}, then ¢ € pa(q) by definition. Otherwise, if
q¢ € Ra(q), then ¢ Y, ¢ for some U € Pomy.. We show, more generally, that if ¢” Y., ¢ for some
q" € pa(q), then ¢’ € pa(q), by induction on U. In the base, U = a € 3 and thus ¢” = §(¢’, a). But then

4" € pa(q) immediately. For the inductive step, there are two cases to consider.

o If U=V -W with V and W smaller than U, then there exists an r € @ such that ¢” v, , » and
r W, , ¢. By induction, r € pa(q), and again by induction ¢’ € pa(q).

o If U =V || W with V and W smaller than U, then there exist r,s € @ and 7/, s’ € F such that
r Ve, and s W, s and ¢' = v(¢",{r, s}}). Note that, in this case, 1,5’ # L. If ¢ = L, then
q € pa(q) by definition. Otherwise, {r, s} € 7a(¢"”), and thus ¢’ € pa(q).

For the second part of the claim, suppose that L is the only state of A with an empty language. Let
¢ € pa(q). We prove that ¢ € Ra(q) U{L,q}, by induction on the construction of p4(g). In the base,
¢ = qor ¢ = L. In either case, we find that ¢’ € R4(q) U{L,q} immediately.

For the inductive step, there are two cases to consider. For both cases, first note that if ¢ € Ra(q’)
and ¢’ € Ra(q), then ¢” € Ra(q).

e Suppose ¢ = 0(¢", a) for some ¢” € pa(q) and a € 3. By induction, we know that ¢” € Ra(q) U
{g,L}. If ¢" = L, then ¢’ = L and the claim follows. Otherwise, note that ¢ € R(¢") by ¢" 2, , ¢'.
If ¢" = q, then ¢’ € Ra(q) immediately. In the remaining case, ¢’ € Ra(q), and thus ¢’ € Ra(q)
by the observation above.

e Suppose ¢ = v(q", ¢) for some ¢” € pa(q) and ¢ € wa(q”). By induction we know that ¢ €
Ra(q) U{q,L}. Since ¢ € wa(q¢"), we know that ¢ # L — for otherwise ¢ = L and thus
¢ & wa(q"). Furthermore, if ¢ = {r, s[} then r,s # L and thus, since L is the only state with an
empty language, there exist V, W € Pomy as well as 7/, s’ € F such that r Vo, and s W, s

therefore, ¢ YIV, | ¢' and thus ¢’ € Ra(¢"). If ¢’ = g, then ¢’ € Ra(q) immediately. Otherwise,

q" € Ra(q), and thus ¢’ € Ra(q) by the observation above. O
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Lemma 4.4. Let e, f € Ts be such that e ~ f. Then e € Fx, if and only if f € Fx.

Proof. The proof proceeds by induction on the construction of ~. In the base, there are nine cases to
consider.

Suppose that e = f, then the claim holds immediately.

Suppose that e = f + 0. If e € Fx, then either f € Fx or 0 € Fx. Since the latter does not hold,
f € Fx, follows. Also, if f € Fy, then e = f + 0 € Fy, immediately.

Suppose that e = f + f. If f + f € Fy, then f € Fy immediately; if f € Fx, then also f + f € Fx.

Suppose that e = g1 + g2 and f = g2+ g1. If g1 + g2 € Fx, then g1 € Fx, or g3 € Fy; in either case,
g2 + g1 € Fx. The claim in the other direction is proved similarly.

Suppose that e = g1 + (g2 + g3) and f = (g1 + g2) +g3. If e € Fx, then g1 € Fy or g2 + g3 € Fy,
and thus one of g1, g2, 93 must be in Fyx. But then g; + g2 or g3 must be in Fy, and thus f =
(91 + g2) + g3 € Fx. The proof in the other direction is similar.

Suppose that e =0-e; and f = 0. Then e, f € Fx and thus the claim holds immediately.
Suppose that e =e; -0 and f = 0. Then e, f € Fx and thus the claim holds immediately.
Suppose that e = ey || 0 and f = 0. Then e, f ¢ Fx, and thus the claim holds immediately.

Suppose that e =0 || e; and f = 0. Then e, f ¢ Fx, and thus the claim holds immediately.

For the inductive step, there are six cases to consider.

Suppose that e ~ f because f ~ e; the claim (in both directions) then follows from the induction
hypothesis by symmetry of mutual implication.

Suppose that e ~ f because e ~ g and g ~ f; the claim (in both directions) then follows from the
induction hypothesis by transitivity of implication.

Suppose that e >~ f because e = e; + e and f = f1 + fo, with e; ~ f1 and eq ~ f5. If e; + €5 € Fy,
either e; € Fy, or ey € Fx. But then (by induction) either fi € Fy; or fo € Fy, thus f1 + fo € Fx.
The claim in the other direction is proved similarly.

Suppose that e >~ f because e = €1 - e3 and f = f1 - fo, with ey ~ f1 and ez ~ f5. If e € Fy, then
€1, ez € Fx.. But then (by induction) f1, fa € Fx, thus f1- fo € Fx. The claim in the other direction
is proved similarly.

Suppose that e ~ f because e = e1 || e2 and f = f1 || fo with e; ~ f; and ex ~ fo. If e € F¥,
then ey, es € Fx. But then (by induction) f1, fo € Fx, thus fi || fo € Fx. The claim in the other
direction is proved similarly.

Suppose that e ~ f because e = e] and f = f; with e; >~ fi;. Then e, f € Fy, and so the claim
holds immediately in both directions. [l

Lemma 4.5. Lete, f € Ty, such thate ~ f. Ifa € &, then dx(e,a) ~ 6x(f,a). Moreover, if ¢ = {g,h[} €
() with g,h £ 0, then ys(e,¢) ~ v (f,¢), and if ¥ € (73) with ¢ ~ ¢, then (e, ¢) = yx(e, v).

Proof. The proof of the first claim proceeds by induction on the construction of ~. In the base, there
are nine cases to consider.

If e = f, then 5 (e, a) = 0s.(f, a) ~ ds(f, a).

If e = f + 0, then s (e, a) = 6x(f, a) + 6x(0,a) = dx(f,a) + 0 ~ 65 (£, a).
If e = f + f, then dx(e,a) = ds(f, a) + Is(f,a) =~ ds(f,a).

If e=g1 4+ g2 and f = g2 + g1, then

dx(e,a) = 0x(g1,a) + 6x(92,a) ~ 0x(g2,a) + 6x(g1,a) = 0=(f,a)
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If e = g1+ (92 +g3) and f = (g1 + g2) + g3, then

dn(e,a) = dn(g1,a) + (9n(92, @) + n(g3, a)) = (9n(g1, @) + n(g2,a)) + (g3, a) = 0(f, a)
Ife=0-e; and f =0, then dx(e,a) = 0x(0,a) -e1+0=0-e; +0~0 = (0, a).
Ife=e;-0and f =0, then dx(e,a) = dxn(e1,a) - 0+ e1 x 0x(0,a) ~ 0 = ix(0, a).
Ife=e; || 0and f =0, then dx(e,a) = e1 xIxn(0,a) + 0 ~ 0 = ix(0, a).
Ife=0] e; and f =0, then dx(e,a) = 0+ ez x 0x(0,a) ~ 0 = ix(0, a).

For the inductive step, there are six cases to consider.

If e ~ f because f ~ e, then by induction we know that dx(f, a) ~ dx (e, a), thus dx (e, a) ~ és(f, a).

If e ~ f because e ~ g and g ~ f, then by induction we know that dxn(e,a) ~ dxn(g,a) and
62(950’) = 5E(fa a) thus 62(650’) = 5E(fa a)'

If e ~ f because e = e; + e and f = f1 + fo such that e; ~ f; and es >~ f5, then by induction we
know that dx(e1,a) ~ dn(f1,a) and dx(e2,a) = dx(f2,a), and thus

Ss(e,a) = ds(e1,a) + ox(e2,a) ~ ds.(f1,a) + 0s(f2,a) = 0x(f, a)

If e ~ f because e = e1 - e5 and f = f1 - fo such that e; ~ f; and ey >~ f5, then by induction we
know that dx(e1,a) ~ d0n(f1,a) and dx(e2,a) = dx(f2,a), and thus

(52(6,@) = (52(61,@) -eg t ey *5Z(€2aa) =~ 5Z(f1aa) “fat f1 *5Z(f2aa) = 5Z(f’ a)
where we also apply Lemma [£.4]

If e ~ f because e = e1 || e2 and f = f1 || f2 such that e; ~ f; and ez ~ fs, then by induction we
know that dx(e1,a) ~ dx(f1,a) and dx(es, a) ~ 0x(f2,a), and thus

oxn(e,a) = ea x Ixn(e1,a) + e1 x0n(ea,a) ~ fo * Ixn(f1,a) + f1 x ds(f2,a) = 0x(f,a)
where we also apply Lemma 4

If e ~ f because e = e} and f = f; such that e; ~ fy, then by induction we know that dx(e1,a) ~
ds(f1,a), and thus dx(e,a) = dx(e1,a) - €] ~ ds(f1,a) - f1 = o=(f,a).

The proof of the second claim also proceeds by induction on the construction of ~. In the base, there
are nine cases to consider.

If e = f, then ys(e, ¢) = y=(f, ¢) ~ 12(f, 9).
If e = f+0, then ys(e, ¢) = 1u(f, ) + 1=(0,0) = v=(f, ) + 0 = 1=(f, ).
If e=f+ [, then ys(e,d) = v=(f, ¢) + 1=(f, ¢) = 1=(f. 9).
If e = g1 + g2 and f = go + g1, then
Tu(e; @) =z(91,9) + 72(92, ) = 1292, @) + y=(91,9) = 7=(f, 9)
If e = g1+ (92 + g3) and f = (g1 + g2) + g3, then
r2(e,0) = 12(91,9) + (12(92, @) + 12(93,8)) = (12(91, @) +72(92,9)) + 12(93, ¢) = ¥=(f, ¢)
Ife=0-e and f =0, then ys(e, ¢) = 75(0,¢) -e1 +0=0-e; +0 ~ 0 = v(0, ¢).

If e=e;-0and f =0, then ys(e, @) = yu(e1,¢) - 0+ e1 x yx(0,¢) ~ 0 = y5(0, ¢).

If e =0 | eg and f = 0, then since g,h % 0, in particular ¢ % {e;,0}. We then find that
Ts(e,¢) =0+ e1xyx(0,6) +0=0=5(0,9).
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If e =e€; || 0 and f = 0, then since g,h % 0, in particular ¢ % {0,e1[}. We then find that
72(65 ¢) =0+0+ €1 *72(05 ¢) ~0= 72(05 ¢)

For the inductive step, there are six cases to consider.

If e ~ f because f ~ e, then by induction we know that vs(f,¢) ~ (e, ¢), thus ys(e, @) ~
= (fa (b)

If e ~ f because e ~ g and g ~ f, then by induction we know that vs(e,d) ~ v=(g,¢) and
72(95 ¢) = ’yz(fa ¢)a thus ’YE(@, ¢) = 'YE(fa (b)

If e ~ f because e = e; + e and f = f1 + fo such that e; ~ f; and es >~ f5, then by induction we
know that 72(617 ¢) = Vz(fla ¢) and 72(625 ¢) = 72(]‘-25 ¢)a and thus

1s(e, ¢) = ys(e1, ¢) +y=(e2, ¢) ~ = (f1,8) +vs(f2, ¢) = 1=(f, ¢)

If e ~ f because e = e1 - e2 and f = f; - fo such that e; >~ f1 and es ~ f5, then by induction we
know that vs(e1, ¢) ~ yx(f1,¢) and yn(e2, ¢) ~ yn(f2, ¢), and thus

=(e, ) =vs(e1, ) - e2 +erxynle2, @) = y=(f1,0) - fa + frxvs(f2,0) = v=(f, ¢)
where we also apply Lemma 4

If e ~ f because e = e1 || e3 and f = f1 || f2 such that ey ~ f1 and ea ~ fo, then by induction we
know that ys(e1,¢) ~ ys(f1,¢) and ys(e2, ¢) ~ vs(f2, ¢). Furthermore, ¢ ~ {e1, ez if and only
if ¢ ~{f1, f2]}, and thus

(e, ) = [{ler, ea = ¢] + ea xys(e1, @) +e1 xy=(e2, ¢)
~[{f1, f2t = 8] + faxvs(f1,0) + fr xvs(f2, 0)
=vs(f, ¢)
where we also apply Lemma 441

If e ~ f because e = e and f = f; such that e; ~ f1, then by induction we know that vs(e1, ¢) ~
¥s(f1,#), and thus ys(e, ¢) = ys(e1,d) - ef = yu(f1,¢) - fi = 1=(f, 8).

The last claim is shown by induction on e. In the base, e = 0, e = 1 or e = a, and thus vx(e, ¢) =
0 = (e, 9). For the inductive step, there are four cases to consider.

Ife= e + e, then 72(6a¢) = ’72(617¢) +’YE(625¢) = VE(elﬂ/f) + 72(6251/]) = VE(GJP)-
If e = e - e, then v (e, ¢) = v (€1, @) -ea +e1xyn(e2, @) = yu(e1, 1) -ea +e1xyn(e2, V) = yu(e, ¥).

If e = e1 || e2, then yx(e,¢) = [{er,ea} =~ @] + e2 x ym(er,d) + e1 * 1n(e2,¢) = [{er, eat ~
Y]+ ez xvs(er, ) + e1 x yx(e2, ¥).

Ife= eTv then 'YE(e,(b) = ’72(617¢) ! 6; = VE(elﬂ/f) : 6’{ = VE(GJP)- g

Lemma 4.21. Lete,f € Ty, and U € Pomi;. Ife U, f, then [e] Y, _ [f]. If [e] Us_ [f], then there
exists an f € Ts with f ~ f" and e Y, f'.

Proof. The proof for the first claim proceeds by induction on U. In the base, U = a € X. If e Yy, f,
then f = dx(e,a). But then, since d~([e],a) = [f] by definition of é~, we find that [e] U, _ [f].
For the inductive step, there are two cases to consider.

If U=V W, with V and W smaller than U, then there exists a g € Tx such that e Y, g and
g W, f. By induction we find that [e] V, _ [g] and [g] W, _ [f], and thus [e] Y, _ [f].

IfU =V | W, with V and W smaller than U, then there exist g,h € T and ¢’,h’ € Fy such that
g Vs g'andh W, B, and f = y=(e, {g, h}). Note that, by Lemmaldd g, h % 0. By induction, we

find[g] Y, [¢'] and [h] 1Y,  [A'], with [¢'], [I'] € F~. Since y~([e], {[g], [h}) = [v=(e, {g, h})] = [f],
we find that [e] Y, _ [f].

The proof of the second claim also proceeds by induction on U. In the base, U = a € X. If [e] Y, [f],
then [f] = d~([e], a). We choose f’ = 0x(e,a) to find that e Y, f and f~ f" by Lemma &3l
For the inductive step, there are two cases to consider.
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o If U=V W, with V and W smaller than U, then there exists a g € Tx such that [¢] Y, _ [g] and
lg] W, _ [f]. By induction, we find ¢’, f” € T such that e V.., ¢’ and g ~ ¢' as well as g V.., f”
and f ~ f”. By Lemma B6] we find f’ € Tx such that ¢’ V.. f" and f” ~ f. In total, we have
that e Uy, f" with f ~ f'.

e If U =V || W, with V and W smaller than U, then there exist [g],[h] € Qs and [¢'],[h'] € F~
such that [g] Y, _ [¢'] and [h] W, _ [I], and [f] = v~([e],{[g], [R][}). By induction, we find that
h",g" € Ts such that g Vs 9" and h W . b, with ¢’ ~ ¢” and b’ ~ 1", with ¢g",h" € Fx by
Lemma 44l But then g,h % 0 by Lemma [£71 We can choose f' = vx(e, {g, h[}) to find that that
e Uy, ffand f ~ f" by Lemma Al O

Lemma 4.25. Let e,e’ € Ts be such that e ~¢'. Then (e]) = (€')).

Proof. First, if e ~ 0 ~ €', then (e]) =0 = (¢€'|) by definition. The proof for the remaining cases proceeds
by induction on the construction of ~. In the base, there are nine cases to consider.

e If e = ¢/, then the claim holds immediately.

o If e =¢' 40, then (e]) = max((e]), (0) = (e’).

o If e =¢' 4 ¢, then (e)) = max((e']), (e’)) = (€.

o If e=e1 +eg and € = ey + e, then (e)) = max((e1)), (ez2)) = max((ez)) , (e1]) = (€’).

o If e=e1 + (e2 + e3) and ¢ = (e1 + e2) + e3, then (e]) = max((e1)), (ez2)), (es]) = (€').
For the inductive step, there are six cases to consider.

e If e ~ ¢’ because ¢’ ~ ¢, then (l¢’|) = (e]) by induction and so the claim follows.

o If e ~ ¢’ because e ~ ¢’ ~ ¢, then (je]) = ("] = (') by induction and so (e|) = (¢’]).

o If ¢ ~ ¢’ because e = e1 + e3 and €' = €| + €}, with e; ~ ¢| and ez ~ ¢}, then (e1]) = (e}] and
(e2]) = (eb]) by induction, thus (e) = max((e1]), (ez2))) = max((e]]), (e5)) = (€').

o If e ~ ¢ because e = e1 - e3 and ¢ = ¢} - e}, with e; ~ ¢} and es ~ e}, then (e1]) = (e}]) and
(e2)) = (eb)) by induction, thus (e) = max((e1]), (ez2])) = max((e}]), (e5)) = (€’).

e If e ~ ¢ because e = e; || e3 and e’ = €} || €, with e; ~ €] and ey ~ €}, then (e;]) = (e]]) and
(e2) = (ez) by induction, thus (e)) = max((e1], (e2)) +1 = max((e1) , (e5]) +1 = ().

e If e ~ ¢’ because e = e} and e’ = ef*, then by induction (le]) = (e1]) = (e}]) = (€). O
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